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1 Introduction
A very old problem in supersymmetric field theory is how to formulate the maximally
supersymmetric N = 4 super-Yang-Mills (SYM) theory off shell with full manifest su-
persymmetry. A counting argument [2] claims that there exist no finite sets of fermionic
and bosonic auxiliary fields which could remove the mismatch of the off-shell degrees of
freedom of the physical fields. The same counting argument [3] in the case of the N = 2
hypermultiplet has been successfully circumvented by introducing infinite sets of auxiliary
fields, in the framework of harmonic superspace [4].1 A similar approach exists to N = 3
SYM [10], a theory with the same physical degrees of freedom as N = 4 SYM but with less
manifest supersymmetry. However, the N = 4 barrier still remains a formidable challenge.
Here we do not propose a solution to this old problem but perhaps a step towards it.
We present a formulation of N = 4 SYM in Lorentz harmonic chiral (LHC) superspace.
In it the chiral half of supersymmetry is manifest and realized off shell. The other half is
realized non-linearly and the algebra closes modulo equations of motion and gauge trans-
formation. An important advantage of this ‘semi-off-shell’ formulation is that we are able
to maintain the full R-symmetry SU(4) combined with manifest chiral supersymmetry,
unlike the alternative formulations of N = 4 SYM in terms of N = 1, 2, 3 superfields.
One of our aims is the simple and clear derivation of the Feynman rules which preserve
the symmetries. We apply these rules in the twin paper [1] to construct the non-chiral
sector of the Born-level correlation functions of the N = 4 stress-tensor multiplet. Our
main result is surprisingly simple: the full non-chiral correlator is obtained from its chiral
truncation studied in [11] by a Grassmann shift of the space-time coordinates.
We use Lorentz harmonics (LHs) as a convenient tool for introducing infinite sets of
auxiliary fields and pure gauges. Our formulation closely follows, in many aspects, that of
N = 2 SYM and hypermultiplet matter in harmonic superspace [4, 12]. The main difference
is that here the auxiliary and pure gauge fields have arbitrarily high Lorentz spins instead
of the SU(2) isospins in the harmonic formulation of N = 2 SYM and matter.
The Lorentz harmonics are auxiliary variables, in addition to the Euclidean space-
time R4 with coordinates xα˙α = (σµ)
α˙αxµ and Lorentz group SO(4) ∼ SU(2)L × SU(2)R.
The harmonics describe the two-sphere S2 ∼ SU(2)L/U(1). They are defined as matrices
u±α ∈ SU(2)L carrying an SU(2)L index α = 1, 2 and a U(1) charge ±. The harmonic
fields f(x, u) are defined on R4 × S2 by their harmonic expansion as functions on SU(2)L
1For a review see [5]. See also [6–9] for alternative approaches.
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homogeneous under the action of the subgroup U(1). For example, a harmonic field of
charge +1 has the infinite expansion
f+(x, u) = fα(x)u+α + f
(αβγ)(x)u+αu
+
β u
−
γ + . . . .
The terms in this expansion carry SU(2)L spins 1/2, 3/2, . . . . Thus, a harmonic field is
a collection of infinitely many higher-spin fields fαβ...(x), most of which are pure gauges
or auxiliary fields. Fixing the appropriate gauge and eliminating the auxiliary fields via
their kinematical field equations, we obtain a description of the theory in terms of a finite
number of ordinary propagating fields. As an example, the correlators of the N = 4 stress-
tensor multiplet do not depend on the LHs (they are integrated out). To put it differently,
at the end of the calculation we are able to eliminate the infinite sets of auxiliary and pure
gauge fields. This clearly shows the auxiliary character of the LHs.
The idea to use LH variables has a long history. Soon after the development of the
N = 2 harmonic superspace method, the close connection between harmonics and twistors
was observed in [13]. Harmonic variables on S2 were used to solve the self-dual Yang-Mills
equations, as an alternative to the well-known Ward construction of instantons [14]. This
approach to self-dual (super)-Yang-Mills was further developed in [15–17]. Some aspects
of the correspondence harmonics/twistors were discussed in [18].
Later on, LHs were used by one of the authors of the present paper to reformulate
Siegel’s self-dual N = 4 SYM theory [19] in chiral superspace [20]. The theory is described
by two dynamical superfields A+α˙ (x, θ
+, u) and A++(x, θ+, u). Here θ+A = u+α θ
αA is the
LH projection of the chiral odd variable θαA (A = 1, . . . , 4 is an SU(4) R-symmetry index).
These superfields play the role of gauge connections for the harmonic-projected space-time
derivative ∂+α˙ = u
+α∂/∂xα˙α and the harmonic derivative ∂++ = u+α∂/∂u−α, respectively.
The vanishing of the corresponding curvatures is equivalent to the field equations of self-
dual N = 4 SYM. These equations are derived from a superspace Chern-Simons action.
Our formulation is closely related to the twistor one developed in [21–26]. The main
conceptual difference is how one treats the harmonic variables and their cousins twistors.
In the twistor approach one introduces the twistor projective variable ZM = (λα, µ
α˙) to
describe the space CP 3. Contact with (complexified) space-time is made via the incidence
relation µα˙ = xα˙αλα. The ordinary fields f(x) are obtained from the twistor fields F (Z)
by an integral (Penrose) transform. Thus, the concept of space-time reappears at the end,
after performing this very non-trivial transform. In contrast, in the LH approach space-
time is present from the very beginning, and the integral Penrose transform is replaced by
the simpler spherical harmonic expansion on S2. In the twistor approach the accent is put
on the conformal symmetry (the twistor ZM is a linear representation of the conformal
group GL(4)). In the harmonic approach one insists on the manifest Lorentz symmetry of
the ordinary fields fαβ...(x), viewed as harmonic modes on S2.
The development of the twistor approach to N = 4 SYM started with the work of
Witten [21]. He found the twistor analog of the Chern-Simons action of [20]. Siegel’s
self-dual action contains a Lagrange multiplier Gαβ for the self-dual YM tensor Fαβ in the
form
∫
d4x GαβFαβ . Witten proposed to add another superspace gauge invariant to the
Chern-Simons action, which contains the square of the Lagrange multiplier,
∫
d4x GαβGαβ .
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The sum of the two terms is equivalent to the standard YM action
∫
d4xFαβFαβ , up to a
topological term. In a more explicit form the twistor version of the second action term was
given by Mason [22]. The detailed supersymmetric construction was elaborated in [23].
If the action term
∫
d4x GαβFαβ can be upgraded to a supersymmetric Chern-Simons
term in LHC [20] or twistor [21] superspace, the generalization of the term
∫
d4x GαβGαβ
takes a completely different form. Its Lagrangian density is given by log det
(
∂¯−1(∂¯ +A)),
where ∂¯ is a holomorphic derivative on twistor space and A is its (super)connection. At
close look (especially at the most explicit form shown in [23]) we realize that this peculiar
action term has been known for almost 30 years, in the context ofN = 2 SYM formulated in
harmonic superspace. Switching from twistors to LHs, we can identify the operator ∂¯ with
the harmonic derivative ∂++ and A with the gauge connection A++(x, θ+, u) mentioned
above. Then the Lagrangian term log det
(
∂¯−1(∂¯ +A)) becomes practically identical with
the N = 2 SYM harmonic superspace Lagrangian proposed by Zupnik in [12].
This remarkable similarity between the LHC formulation of N = 4 SYM and the SU(2)
harmonic formulation of the N = 2 supersymmetric theories goes even farther. In Sect. 6
we show that the N = 4 Chern-Simons term has its analog as the N = 2 hypermultiplet
action in harmonic superspace. The common point between the two theories is the use
of harmonics on S2, either as LHs or as R-symmetry harmonics. We also propose an
eight-dimensional SYM theory whose dimensional reduction gives rise either to the LHC
formulation of this paper or to the non-chiral N = 2 formulation of N = 4 SYM.
We present the LHC formulation of N = 4 SYM in Sects. 2 and 3. After recalling
some basic definitions and properties of Euclidean LHC superspace, we introduce the two
dynamical superfields A+α˙ (x, θ
+, u) and A++(x, θ+, u) as gauge connections. We then con-
struct the supercurvatures and try to match them with the field content of N = 4 SYM.
In this way we derive the two defining supercurvature constraints of the theory. As usual
in N = 4 SYM, these are also equations of motion. The next step is to find an action from
which the constraints follow. As mentioned above, the action consists of the Chern-Simons
term first proposed in [20] and of Zupnik’s log det term adapted to the LHC setup.
An important aspect of the LHC/twistor formulation of N = 4 SYM is that only the
chiral half (Q) of the N = 4 supersymmetry is manifest. Indeed, the dynamical superfields
involve only chiral odd variables. As a consequence, the anti-chiral half (Q¯) remains on
shell. This phenomenon was already observed in [20] where the Q¯ transformation rules for
A+α˙ and A
++ were found. The addition of the log det term modifies the Q¯ transformations
and the way their algebra closes. We present a detailed discussion of the supersymmetry
of the LHC N = 4 SYM action in Sect. 4. We use these results in the twin paper [1] for
constructing the full (non-chiral) supermultiplet of the N = 4 stress-energy tensor.
The quantization of the theory is discussed in Sect. 5. We adopt the light-cone gauge
(also called CSW or axial gauge) first proposed in [27] and also used in [23]. The gauge-
fixing parameter is an anti-chiral commuting spinor ξα˙. This gauge has the nice feature
that all the propagators are just delta functions in x, u, θ space. This is very helpful in
application to the Born-level correlators studied in [1] (and earlier in [11]). As shown there,
the integrals at the vertices in the Feynman graphs are lifted and we obtain directly the
expected rational expressions for the Born-level correlators. We give some simple examples
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of LHC supergraphs, postponing the main application of the Feynman rules to Ref. [1].
Appendix A summarizes some properties of the harmonic/space-time distributions that
we need for the propagators. In Appendix B we transform the propagators to momentum
space. Appendix C gives a dictionary between the twistor and harmonic languages, for the
sake of the reader with a twistor background.
2 Euclidean Lorentz harmonic chiral superspace
The Euclidean four-dimensional space with Lorentz group SO(4) ∼ SU(2)L × SU(2)R is
parametrized by coordinates xα˙α, where α and α˙ are spinor indices of SU(2)L and SU(2)R,
respectively. The N -extended superspace has coordinates
xα˙α , θαA , θ¯α˙A , (2.1)
where A = 1, . . . ,N are co- or contravariant indices of the automorphism group U(N )
(or SU(4) in the case N = 4). In it one can realize N -extended supersymmetry in the
following way2
δxα˙α = −1
2
(ǫ¯α˙Aθ
αA + ǫαAθ¯α˙A) , δθ¯
α˙
A = ǫ¯
α˙
A , δθ
αA = ǫαA . (2.2)
The corresponding algebra of supercovariant derivatives is
{DαA,DβB} = 0 , {D¯Aα˙ , D¯Bβ˙ } = 0 , {D¯Aα˙ ,DβB} = δAB∂βα˙ , (2.3)
where
DαA = ∂αA +
1
2
θ¯α˙A∂αα˙ , D¯
A
α˙ = ∂¯
A
α˙ +
1
2
θαA∂αα˙ (2.4)
and ∂αA = ∂/∂θ
αA , ∂¯Aα˙ = ∂/∂θ¯
α˙
A , ∂αα˙ = ∂/∂x
α˙α.
We choose to ‘harmonize’ half of the Lorentz group, e.g., the factor SU(2)L.
3 We
introduce harmonic variables u±α defined as two SU(2)L spinors forming an SU(2)L matrix:
u±α ∈ SU(2)L :


u+αu−α ≡ u+αǫαβu−β = 1
(u+α)∗ = u−α , (u
+
α )
∗ = −u−α
(2.5)
(the SU(2)L spinor indices are raised and lowered with the Levi-Civita tensor, ǫ12 =
−ǫ12 = 1). The index ± refers to the charge of these variables with respect to U(1)L ⊂
SU(2)L. Thus, the harmonic variables defined in this way describe the compact coset
S2 ∼ SU(2)L/U(1)L. We are going to apply to them the rules of harmonic calculus [4].
Here we give a short summary (see Appendix A for more detail).
2To simplify the formulae we skip the imaginary unit in the supersymmetry variation. Consequently,
our translation generator P = ∂x is anti-hermitian. If needed, the imaginary unit can easily be reinserted.
3LHs of this type were first used in [15–17] for solving the self-dual SYM constraints.
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Harmonic functions are defined by their harmonic expansion on S2
f (q)(u) =
∞∑
n=0
fα1...α2n+qu+(α1 . . . u
+
αn+qu
−
αn+q+1 . . . u
−
α2n+q)
. (2.6)
By definition, they are homogeneous under the action of U(1)L, i.e., they carry a certain
charge q (in (2.6) q ≥ 0). From (2.6) it is clear that the harmonic functions are collections
of infinitely many finite-dimensional irreducible representations of SU(2)L (multispinors).
The differential operators compatible with the defining constraint (2.5) are the covari-
ant harmonic derivatives
∂++ = u+α
∂
∂u−α
: ∂++u+α = 0 , ∂++u−α = u+α
∂−− = u−α
∂
∂u+α
: ∂−−u+α = u−α , ∂−−u−α = 0 . (2.7)
Together with the charge operator ∂0 (∂0u±α = ±u±α) the harmonic derivatives form the
algebra of SU(2) realized on the indices ± of the harmonics,
[∂++, ∂−−] = ∂0 . (2.8)
The derivatives ∂++ and ∂−− have the meaning of the raising and lowering operators of
SU(2)L, while ∂
0 counts the U(1)L charge of the harmonic functions, ∂
0f (q)(u) = qf (q)(u).
The restriction to functions on SU(2) with definite charge gives a particular realization of
the harmonic coset SU(2)L/U(1)L.
A direct consequence of the above definitions is the following lemma:
∂++f (q)(u) = 0 ⇒


f (q)(u) = 0 , q < 0
f (q)(u) = fα1...αqu+α1 . . . u
+
αq , q ≥ 0
. (2.9)
This condition can be interpreted as defining the highest weight of a finite-dimensional
unitary irreducible representation of SU(2) of spin q/2. This irrep is carried by the totally
symmetric tensor (multispinor) coefficient fα1...αq .
Finally, harmonic integration amounts to projecting out the singlet part of a chargeless
integrand, according to the rule
∫
du f (q)(u) =
{
0, q 6= 0
fsinglet, q = 0
. (2.10)
This integration rule is designed to give an SU(2) invariant result. It is compatible with
integration by parts for the harmonic derivative ∂++,∫
du ∂++f (−2)(u) = 0 , (2.11)
due to the absence of a singlet term in the harmonic expansion of the function f (−2)(u).
Now, let us come back to the superspace (2.1). The structure of the algebra (2.3) ad-
mits realizations of the N -extended supersymmetry algebra in subspaces of the superspace
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involving only part of the Grassmann variables θ. One of them is the chiral superspace
which does not contain the variables θ¯α˙A. It is characterized by the coordinate shift
Chiral basis: xα˙αL = x
α˙α − 1
2
θ¯α˙Aθ
αA . (2.12)
In the chiral superspace the supersymmetry transformations are
δxαα˙L = −ǫ¯α˙AθαA , δθαA = ǫαA , δθ¯α˙A = ǫ¯α˙A . (2.13)
In this basis the antichiral covariant derivative becomes D¯Aα˙ = ∂¯
A
α˙ , therefore the chiral
superfields defined by the constraint
D¯Aα˙Φ = 0 ⇒ Φ = Φ(xα˙αL , θαA, u) (2.14)
do not depend on θ¯α˙A.
The LHs u± allow us to make a step further and define chiral-analytic ‘semi-superfields’
which depend only on one quarter of the Grassmann variables,
Φ(xα˙αL , θ
+A, u) , where θ+A = u+α θ
αA . (2.15)
We call such objects ‘semi-superfields’ because such an extreme shortening of a superfield is
not possible without putting it on shell, if we insist on maintaining the full supersymmetry
manifest. Indeed, in addition to the chirality constraint (2.14) it should satisfy the Lorentz
analyticity shortening condition4
D+AΦ = 0 , where D
+
A = u
+
αD
α
A = ∂
+
A + θ¯α˙A∂
+α˙ . (2.16)
Here and it what follows we use the harmonic projected spinor and space-time derivatives
∂±A = u
±α ∂
∂θαA
, ∂±α˙ = u
±α ∂
∂xα˙αL
.
The two constraints and the algebra (2.3) imply {D¯Aα˙ ,D+B}Φ = −δAB∂+α˙ Φ = 0, which puts
the superfield on shell, since Φ = 4∂+α˙∂−α˙ Φ = 0. What we really mean by the term ‘semi-
superfield’ is that we have set θ¯ = 0 by hand, thus dropping the space-time derivative term
in (2.16). Of course, this brakes the manifest Q¯ supersymmetry. As mentioned above,
this half of supersymmetry will be realized in a non-linear manner on the semi-superfields
(2.15) (see Sect. 4). However, our formulation will maintain the Q half manifest. In the
absence of θ¯ we cannot tell the difference between the chiral basis (2.12) and the original
one, so in the sequel we will drop the subscript of xL.
4The name comes from the analogy with the Grassmann analytic superfields introduced in [4] for the off-
shell formulation of theories with N = 2 supersymmetry. There one uses SU(2) harmonics u±A to projects
the R symmetry indices of θαA and θ¯α˙A. The analytic superfields depend only on θα+, θ¯α˙+ (see Sect. 6 for
more detail).
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3 Lorentz harmonic chiral formulation of N = 4 SYM
In this Section we develop the classical N = 4 SYM theory in LHC superspace. We
introduce the two dynamical semi-superfields as the gauge connections for the derivatives
∂+α˙ and ∂
++. From them we construct the supercurvatures and try to match them with the
physical fields. In this way we derive the two defining constraints of the theory, equivalent
to the field equations. We then find a superspace action from which these equations follow.
The action consists of a Chern-Simons term for the self-dual part of the equations and a log
det (Zupnik) term for the deviation from self-duality. We display the ordinary component
field content of the theory in the non-supersymmetric Wess-Zumino gauge.
3.1 Dynamical superfields as gauge super-connections
We start by introducing the main objects of the theory, two chiral-analytic ‘semi-superfields’
depending only on a quarter of the Grassmann variables:
A+α˙ = A
+
α˙ (x, θ
+, u) , A++ = A++(x, θ+, u) . (3.1)
They are defined as the gauge connections for two covariant derivates,
∇+α˙ = ∂+α˙ +A+α˙ , ∇++ = ∂++ +A++ , (3.2)
with respect to a gauge group with a chiral-analytic parameter
δA+α˙ = ∂
+
α˙Λ + [A
+
α˙ ,Λ] , δA
++ = ∂++Λ+ [A++,Λ] , Λ = Λ(x, θ+, u) . (3.3)
The commutators of these gauge covariant derivatives generate super-curvatures:
[∇+α˙ ,∇++] = ∂+α˙A++ − ∂++A+α˙ + [A+α˙ , A++] =:W+3α˙
[∇+α˙ ,∇+β˙ ] = ∂
+
α˙A
+
β˙
− ∂+
β˙
A+α˙ + [A
+
α˙ , A
+
β˙
] =: ǫα˙β˙W
++ . (3.4)
Following the standard logic in supersymmetric gauge theories, we should try to identify
the physical components of the N = 4 SYM multiplet with the super-curvatures evaluated
at θ = 0. Thus, we immediately see that W+3α˙ =W
αβγ
α˙ u
+
αu
+
β u
+
γ + . . . is a bosonic curvature
of dimension 1 (the dimension of the space-time derivative ∂αα˙; the harmonic variables and
derivatives are dimensionless), carrying Lorentz spin (3/2, 1/2). Such a field has no match
in the N = 4 SYM multiplet, so it should be set to zero. We arrive at
Constraint I : W+3α˙ = ∂
+
α˙A
++ − ∂++A+α˙ + [A+α˙ , A++] = 0 . (3.5)
This is an example of a curvature constraint typical for all supersymmetric gauge theories.
The other super-curvature in (3.4), W++ = Fαβ(x)u+αu
+
β + . . ., can be identified with
the self-dual half of the Yang-Mills curvature, Fαβ = σαβµν Fµν . Indeed, it has the right
dimension 2 and Lorentz spin (1, 0), and is made of the gauge superfield A+α˙ = Aαα˙(x)u+α+
. . ., whose first component plays the role of the usual gauge field (gluon).
The next question is where to find the six scalars of the N = 4 SYM multiplet.
In the standard approach (see, e.g., [28]) to N = 4 SYM they are identified with the
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super-curvature WAB = −WBA, which appears in the anticommutator of two chiral spinor
covariant derivatives,
{∇αA,∇βB} = ǫαβWAB . (3.6)
The absence of a curvature symmetric in the Lorentz indices α, β on the right-hand side is
the defining constraint of N = 4 SYM in this standard formulation.5 In our LHC approach
we can construct the curvature WAB directly in terms of the harmonic gauge connection
A++. The construction goes through several steps. First of all, we notice that, with
the gauge parameter from (3.3) satisfying the analyticity condition ∂+AΛ = 0, the harmonic
projected spinor derivative ∂+A needs no gauge connection. This suggests to project relation
(3.6) with the harmonics u−αu
+
β :
{∇−A, ∂+B} = ∂+BA−A =WAB , (3.7)
where we have used the defining property (2.5). Notice that the right-hand side in this
relation is antisymmetric in AB while the left-hand side is not. This implies the constraint
∂+(BA
−
A) = 0, which we solve explicitly by constructing the gauge super-connection A
−
A.
This is done by covariantizing the obvious commutation relation
[∂−−, ∂+A ] = ∂
−
A ⇒ [∇−−, ∂+A ] = ∇−A ⇒ A−A = −∂+AA−− . (3.8)
In this way we have introduced yet another gauge super-connection, for the second harmonic
derivative (the lowering operator of SU(2)L):
∇−− = ∂−− +A−− , δA−− = ∂−−Λ + [A−−,Λ] . (3.9)
To determine it we covariantize the SU(2) algebraic relation (2.8),
[∇++,∇−−] = ∂0 . (3.10)
Notice that the charge operator ∂0 needs no gauge connection since the gauge parameter
is a harmonic function of charge zero, ∂0Λ = 0. The commutation relation (3.10) implies a
harmonic differential equation for the unknown harmonic connection A−− in terms of the
given A++:
∂++A−− − ∂−−A++ + [A++, A−−] = 0 . (3.11)
Having in mind our definition (2.6) of the harmonic functions as expansions in terms of
finite-dimensional irreps of SU(2), we can easily convince ourselves that this equation has a
unique solution for A−−. Indeed, the differential operator ∂++ is invertible on a harmonic
function with negative charge due to the first property on the right-hand side of (2.9). The
details of the solution are given below in Sect. 3.3. Here we only remark that while the
gauge connection A++(x, θ+, u) is chiral-analytic by definition, the new one depends on all
chiral Grassmann variables, A−−(x, θα, u).
5In a space-time with Minkowski signature another constraint is needed, the reality condition WAB =
1
2
ǫABCDW¯
CD. This point is discussed in Sect. 3.1.1.
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To summarize the above procedure, we start with the chiral-analytic super-connection
A++(x, θ+, u), from it we determine A−−(x, θα, u), which we then substitute in (3.8)
and (3.7). The result is the following manifestly antisymmetric expression for the super-
curvature
WAB = ∂
+
A∂
+
BA
−− , (3.12)
which contains the six scalars of the N = 4 SYM multiplet, WAB = φAB(x) + . . . . Let us
check that this curvature is indeed gauge covariant:
δWAB = ∂
+
A∂
+
BδA
−− = ∂+A∂
+
B (∂
−−Λ+ [A−−,Λ]) = [WAB ,Λ] (3.13)
because ∂+A∂
+
B∂
−−Λ = 0 due to the analyticity ∂+AΛ = 0 and the (anti)commutation rela-
tions [∂−−, ∂+A ] = ∂
−
A and {∂+A , ∂−B} = 0. Further, it is (covariantly) harmonic independent,
∇++WAB = ∂+A∂+B∇++A−− = ∂+A∂+B∂−−A++ = 0 , (3.14)
where we have used (3.11) and the analyticity of A++.
From the curvature (3.12) with the gauge transformation (3.13) we can construct other
covariant curvatures by applying one or two spinor derivatives ∂+A . In particular,
W
++ ≡ 1
4!
ǫABCD∂+A∂
+
BWCD = (∂
+
A )
4A−− = Gαβ(x)u+αu
+
β + . . . . (3.15)
The component field Gαβ has the same characteristics (dimension 2, Lorentz spin (1, 0),
R-symmetry singlet) as the self-dual part of the gauge curvature Fαβ . The latter, as we
pointed out earlier, is the lowest component of the super-curvatureW++ from (3.4). Notice
that the new curvature W++ is built entirely from the gauge super-connection A++ (via
A−− and the differential equation (3.11), see Sect. 3.3 for the detail), while the old one
W++ is made from the connection A+α˙ . We should not let two similar components coexist,
otherwise we would double the N = 4 SYM multiplet. So, we impose the identification
Constraint II : W++ = ωW++ , (3.16)
or in terms of the gauge connections,
∂+α˙A+α˙ +A
+α˙A+α˙ = ω(∂
+)4A−− . (3.17)
Notice that this is a non-trivial relation between the connections A+α˙ and A
++ appearing
on the left-hand and right-hand side, respectively.
We have left the proportionality constant ω on the right-hand side of (3.16) arbitrary.
In the twistor literature (Ref. [21] and thereafter) this constant is treated as a perturbative
parameter (coupling). We prefer to introduce the gauge coupling g in the traditional way
by rescaling the gauge connections A → gA and then dividing the action by g2 (see the
end of Sect. 3.2). Nevertheless, it is helpful to keep ω as a parameter which measures the
‘deviation from self-duality’. Indeed, if we set ω = 0 we obtain a stronger version of the
constraint (3.16),
W++ = 0 , (3.18)
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which yields the self-dual YM equation Fαβ = 0, see [20] for details. The relaxed form of
the constraint (3.16) simply identifies the components Fαβ = ωGαβ , which is part of the
first-order (Lagrange multiplier) formulation of the YM equations (see eq. (3.41) below).
The fermions (gluinos) from the N = 4 SYM multiplet can be identified with spinor
derivatives of the above curvatures. Hitting (3.12) with another derivative ∂+C we obtain
the fermionic curvature
W+A =
1
3
ǫABCD∂+B∂
+
C ∂
+
DA
−− = ψAα (x)u
+α + . . . .
It starts with the chiral gluino field ψαA. The anti-chiral gluino can be found in the
curvature [∇+α˙ ,∇−A] = ψ¯α˙A(x)+ . . . (see also the discussion of the components in the Wess-
Zumino gauge in Sect. 3.4).
In conclusion, we have given sufficient evidence that the N = 4 SYM multiplet is
indeed described by the set of chiral-analytic gauge super-connections (3.1), provided that
we impose two constraints on the super-curvatures, eqs. (3.5) and (3.16). Being necessary
for the correct identification of the super-curvatures with the components of the N = 4
SYM multiplet, these constraints turn out to also impose the equations of motion for A+α˙
and A++. This will become clear in Sect. 3.2 where we discuss the N = 4 SYM action.
3.1.1 Reality properties
One of the constraints defining N = 4 SYM is the reality condition on the six scalars,
φAB =
1
2ǫABCDφ¯
CD. Without restricting the super-curvature in (3.6) appropriately the
content of the multiplet will be doubled (complexified). In a superspace with Minkowski
signature (1, 3) the Grassmann variables θα transform under the fundamental represen-
tation of SL(2, C) and their conjugates θ¯α˙ under the inequivalent anti-fundamental. So,
imposing a reality condition on the super-curvature (3.12) would require turning on θ¯,
something we do not wish to do in our chiral formulation. An easy way out is to change
the signature to (2, 2). There the Lorentz groups is SL(2, R) × SL(2, R) and the spinors
θα as well as the super-connections can be real. This choice was made in [19] and [20],
however, it requires using LHs on the non-compact coset SL(2, R)/R. Then the harmonic
expansions and integration become problematic and have to be treated formally. Here
we prefer to keep the Euclidean signature (4, 0), in order to have a well-defined harmonic
analysis on S2 ∼ SU(2)/U(1). A reality condition on our chiral superfields can be imposed
if we restrict the R-symmetry group SU(4) of N = 4 SYM to its subgroup Sp(4). It has
an invariant symplectic tensor ΩAB and one can impose the pseudo-Majorana condition
(see, e.g., [29]) θ¯αA = ǫαβθ
βBΩBA. This is the option that we adopt in the present paper.
In practice, as we show in Sect. 3.4, the component field content of our super-connections
exactly matches that of the N = 4 multiplet (a gluon, 4 chiral and 4 antichiral gluinos and
6 scalars), with the above reality condition implied.
3.2 Action for N = 4 SYM in Lorentz harmonic chiral superspace
Our next task is to derive the two constraints (3.5) and (3.16) from an action principle. Let
us start with (3.5). We remark that the super-curvature W+3α˙ (x, θ
+, u) is chiral-analytic
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by construction, just like the gauge super-connections. It seems logical to use A+α˙ as a
Lagrange multiplier for the constraint (3.5) in an action of the type∫
d4xdud4θ+ Tr
(
A+α˙W+3α˙
)
. (3.19)
Notice that the integrand carries Lorentz charge +4 which cancels that of the Grassmann
measure. This is necessary for the harmonic integral to give a non-vanishing result. But
there is an obvious problem with this action term – it is not gauge invariant. This can be
repaired by noticing that (3.19) involves three non-Abelian gauge super-connections, A++
and A+α˙ . So, we might try a gauge invariant action of the Chern-Simons type
6
SCS =
∫
d4xdud4θ+ LCS(x, θ
+, u) , (3.20)
where
LCS(x, θ
+, u) = tr (A++∂+α˙A+α˙ −
1
2
A+α˙∂++A+α˙ +A
++A+α˙A+α˙ ) . (3.21)
This action term is gauge invariant up to total derivatives, including the harmonic deriva-
tive ∂++. The property (2.11) of the harmonic integral makes it possible. Now we have
a gauge invariant action, but we have created a new problem: the variation with respect
to A++ yields the self-dual field equation (3.18). So, we have to add yet another term to
the action which will give rise to the weaker constraint (3.16). The new term should be
built from the super-connection A++, it should be gauge invariant and its variation should
supply the right-hand side of eq. (3.16). How to construct such an invariant?
The answer to this question has been known for almost 30 years, but in a different
context. The formulation of N = 2 SYM in N = 2 harmonic superspace first proposed in
[4] makes use of harmonics on the R-symmetry group SU(2) (and not on the Lorentz group
as we do now). The dynamical superfield of N = 2 SYM is the gauge prepotential V ++
which is the super-connection for the harmonic derivative ∂++, exactly as in (3.2). The
gauge invariant action is non-polynomial in V ++. The first few terms in its expansion were
found in [30], but the complete expansion, as well as a very compact form of the action
were proposed by Zupnik in [12]. In our present context it is straightforward to adapt
Zupnik’s construction of the invariant. Unlike the action term (3.20), which is given by an
integral over the chiral-analytic superspace, the new term is an integral over the full chiral
superspace:
SZ =
∫
d4xd8θ LZ(x, θ) . (3.22)
This part of the action involves non-liner (interaction) terms in A++.7 Its explicit form is
LZ = ω tr
∞∑
n=2
(−1)n
n
∫
du1 . . . dun
A++(x, θ+1 , u1) . . . A
++(x, θ+n , un)
(u+1 u
+
2 ) . . . (u
+
n u
+
1 )
, (3.23)
6The action (3.20) was proposed for the first time in [20] as a superspace formulation of N = 4 self-
dual SYM, following the component field version of Siegel [19]. An equivalent twistor reformulation of this
Chern-Simons self-dual action appeared more recently in [21] and [23].
7The cubic term in the Chern-Simons action (3.20) is an interaction between A++ and A+α˙ which can
be eliminated in the light-cone gauge, see Sect. 5.1. Thus, the true interaction is only in (3.22).
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where θ+Ai = θ
αA(ui)
+
α with i = 1, . . . , n and (u
+
i u
+
j ) ≡ u+αi u+jα. This action term is local
in (x, θ) space but non-local in the harmonic space (each copy of A++ depends on its own
harmonic variable). The properties of the action term (3.22) are discussed in detail in
Sect. 3.3.
The Lagrangian density (3.23) can be rewritten in a compact form by introducing an
integral harmonic operator with the following kernel(
1
∂++
∇++
)
ab
(u1, u2) = δabδ(u1, u2) +
fabcA
++
c (x, θ
+
2 , u2)
(u+1 u
+
2 )
,
where fabc is the structure constant of the gauge group. Then (3.23) takes the form [12]
8
LZ = ω log det
(
1
∂++
∇++
)
. (3.24)
The main claim we are making now is that the sum of the two action terms (3.20) and
(3.22) is equivalent to the full N = 4 SYM action,
SN=4 = SCS + SZ . (3.25)
In Sect. 3.4 we examine the component field content of the theory and show that the action
(3.25) is indeed equivalent to the N = 4 SYM action in a first-order formulation for the
gauge field.
3.2.1 Coupling constant
In the above we have not displayed the gauge coupling constant. To see it, we need to
rescale both gauge super-connections, A→ gA and divide the action by g2:
1
g2
SN=4(gA) = tr
∫
d4xdud4θ+ (A++∂+α˙A+α˙ −
1
2
A+α˙∂++A+α˙ )
− ω
2
tr
∫
d4xd8θdu1du2
A++(x, θ+1 , u1)A
++(x, θ+2 , u2)
(u+1 u
+
2 )
2
+O(g) . (3.26)
This definition associates the gauge coupling g with the non-Abelian color structure. Every
color commutator is accompanied by a factor of g. The bilinear terms shown in (3.26) exist
also in the Abelian (or free, or g = 0) theory. The interaction terms include the cubic
term from the Chern-Simons Lagrangian (3.21) and all the non-linear terms with n > 2
from (3.23). We can set the gauge coupling constant g = 0 and still have both terms in
(3.25). This is in contrast with the philosophy of the twistor formulation of [21], [22], [23],
where the full SYM action is treated as a ‘perturbation around a self-dual background’,
SN=4 = SCS+ωSZ, with the second term proportional to ω (recall (3.23)). In other words,
there the ‘free theory’ (ω = 0) is self-dual SYM, not the usual Abelian gauge theory. When
quantizing the theory, following [23] we prefer to treat the bilinear term in the second line
8The type of gauge invariant action (3.22), (3.24) is close in spirit to Witten’s formulation of the Wess-
Zumino model [31], although the context is quite different. An on-shell version of the invariant was consid-
ered in [32] for the purpose of reproducing the MHV gluon scattering amplitudes.
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in (3.26) as an ‘interaction term’ giving rise to a ‘bivalent vertex’, while the propagators
will be determined from the terms in the first line. The advantage of this treatment is the
simpler form of the propagators (see Sect. 5 for detail).
This is one of the reasons why we keep the constant ω in (3.23) arbitrary. Another
reason is that it helps us keep track of the non-polynomial modification terms in the Q¯
supersymmetry transformations (see Sect. 4.2). This will be important in [1] where we
use Q¯ to reconstruct the full non-chiral stress-tensor multiplet. There we show that the
terms proportional to ω do not contribute to the correlation functions at Born level. If
needed, ω can be fixed at some conventional (non-zero) value by computing a correlator
and comparing the result to another calculation based on standard Feynman rules.
3.3 Gauge invariance of the N = 4 SYM action
As mentioned earlier, the CS action term (3.20) is gauge invariant in the standard way, up
to total derivatives. The invariance of the interaction term (3.22) is less obvious. Here we
adapt the argument originally given by Zupnik in [12] (its analog can also be found in the
twistor literature).
Let us first compute the variation of LZ with respect to the superfield A
++:
δLZ = ω tr
∞∑
n=2
(−1)n
∫
du1 . . . dun
δA++(x, θ+1 , u1) . . . A
++(x, θ+n , un)
(u+1 u
+
2 ) . . . (u
+
n u
+
1 )
= −ω tr
∫
du δA++(x, θ+, u)A−−(x, θ, u) . (3.27)
Here
A−−(x, θ, u) =
∞∑
n=1
(−1)n
∫
du1 . . . dun
A++(1) . . . A++(n)
(u+u+1 )(u
+
1 u
+
2 ) . . . (u
+
n u+)
(3.28)
with A++(k) = A++(x, θ·u+k , uk), is the gauge super-connection for the harmonic derivative
∂−− defined in (3.9). Unlike the connection A++, this one is not chiral-analytic but only
chiral, i.e. it depends on the full chiral θα. Let us check that it satisfies the defining
differential equation (3.11).
For n > 1 the derivative ∂++ acting on the n-th term in (3.28) gives (see (A.15))
∂++A−−(n) ≡ (−1)n∂++
∫
du1 . . . dun
A++(1) . . . A++(n)
(u+u+1 ) . . . (u
+
n u+)
= (−1)n
∫
du1 . . . dun A
++(1) . . . A++(n)
×
[
δ(u, u1)
(u+1 u
+
2 ) . . . (u
+
n u+)
− δ(u, un)
(u+u+1 ) . . . (u
+
n−1u
+
n )
]
= −A++A−−(n−1) +A−−(n−1)A++ , n > 1 .
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For n = 1 we differentiate the harmonic distribution using (A.17) and (A.12), afterwards
we integrate the harmonic derivative by parts
∂++A−−(1) ≡ ∂++
∫
du1
A++(u1)
(u+u+1 )
2
=
∫
du1 ∂
−−δ(2,−2)(u, u1)A
++(u1)
= ∂−−A++ .
Putting all of this together we see that (3.11) is indeed satisfied.
Now, consider a variation δA++ corresponding to the gauge transformation (3.3),
δA++ = ∂++Λ+ [A++,Λ] = ∇++Λ .
Under the trace in (3.27) we can integrate the covariant harmonic derivatives by parts and
then use (3.11) in the form ∇++A−− = ∂−−A++ to obtain
δΛLZ = ω tr
∫
du Λ ∂−−A++ . (3.29)
This variation does not vanish by itself. To make it vanish we need to act upon ∂−−A++
with at least two spinor derivatives ∂+A . The mechanism is the same as in (3.13). In the
action (3.22) we have four such derivatives. Indeed, we can rewrite the integration measure
in the form ∫
dud4xd8θ =
∫
dud4x(∂θ)
8 =
∫
dud4x(∂−)4(∂+)4 .
The four derivatives (∂+)4 are more than sufficient to kill ∂−−A++. In summary, the gauge
invariance of SZ is based on the following property of the gauge variation of LZ:
δgaugeLZ =
∫
du∆L , ∂+A∂
+
B∆L = 0 , (3.30)
i.e. ∆L is at most a linear function of θ−A.
Finally, let us perform a general variation of the action term (3.22) with respect to the
gauge super-connection A++. Using (3.27), we find
δSZ = −ω tr
∫
dud4x(∂−)4(∂+)4
[
δA++(x, θ+, u)A−−(x, θ, u)
]
= −ω tr
∫
dud4xd4θ+ δA++(∂+)4A−− ,
hence (see (3.12) and (3.15))
δSZ
δA++
= −ω(∂+)4A−− = −ωW++ .
Recalling that the variation of the Chern-Simons term (3.20) produces the super-curvature
W++, we see that the variation of the full action (3.25) yields the desired constraint (3.16).
In principle, one can perform a thorough analysis of the equations of motion (3.5) and (3.16)
and obtain all the component field equations, but it is simpler to reveal the component
content of the action itself.
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3.4 Component field content
Let us explore the component content of the super-connections A+α˙ (x, θ
+, u), A++(x, θ+, u).
We first consider the simplified example of N = 1 supersymmetry. The harmonic connec-
tion has a very short Grassmann expansion:
A++ = a++(x, u) + θ+σ+(x, u) . (3.31)
The fields in (3.31) are harmonic, i.e., they contain infinitely many ordinary fields (recall
(2.6)). However, we still have the gauge transformations (3.3) with parameter
Λ = λ(x, u) + θ+ρ−(x, u) . (3.32)
Let us compare the harmonic expansions (2.6) in (3.31) and (3.32) (bosons only):
a++(x, u) = u+(αu
+
β)a
αβ(x) + u+(αu
+
β u
+
γ u
−
δ)a
αβγδ(x) + . . . ,
λ(x, u) = λ(x) + u+(αu
−
β)λ
αβ(x) + u+(αu
+
β u
−
γ u
−
δ)λ
αβγδ(x) + . . . .
Clearly, the parameter λ(x, u) contains enough components to completely gauge away
the harmonic field a++(x, u) (note that the singlet part λ(x) in λ(x, u) is not used in the
process; it remains non-fixed and plays the role of the ordinary gauge parameter). Similarly,
the parameter ρ−(x, u) can gauge away the entire field σ+(x, u). Thus, we arrive at the
following9
N = 1 Wess-Zumino gauge: A++ = 0 . (3.33)
The other N = 1 gauge connection has the expansion
A+α˙ = A+α˙ (x, u) + θ+ψ¯α˙(x, u) . (3.34)
The harmonic dependence in it can be eliminated with the help of the constraint (3.5).
Substituting (3.33) and (3.34) into (3.5), we obtain ∂++A+α˙ = 0, from where follow the
harmonic equations
∂++A+α˙ (x, u) = 0 ⇒ A+α˙ (x, u) = u+αAαα˙(x) ,
∂++ψ¯α˙(x, u) = 0 ⇒ ψ¯α˙(x, u) = ψ¯α˙(x) . (3.35)
These component fields can be identified with the gluon Aαα˙(x) and the anti-chiral gluino
ψ¯α˙(x). The N = 1 SYM multiplet includes also a chiral gluino ψα(x), but there is no room
for it in our LHC formulation. The reason is the use of chiral gauge connections. In such a
9We call the gauges (3.33) and (3.36) “Wess-Zumino gauges” by analogy with the standard N = 1 WZ
gauge. The latter uses the entire freedom in the chiral superfield gauge parameter Λ(x, θ) (and its conjugate)
to gauge away as much as possible from the real gauge superpotential V (x, θ, θ¯). Only the ordinary gauge
parameter λ(x) is left intact as it serves the usual component gauge field Aµ(x). In the twistor approach
of [22], [23] this gauge is called ‘space-time’ because it reveals the space-time field content of the theory, as
opposed to the fields on twistor space. In the Lorentz harmonic approach the notion of space-time is always
present. The harmonic expansion on S2 gives rise to infinitely many space-time auxiliary and gauge degrees
of freedom. The WZ gauges (3.33) and (3.36) eliminate the (infinite sets of) gauge degrees of freedom,
leaving us with propagating and auxiliary fields only.
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superfield the span of Lorentz helicities is limited by the maximal power of the chiral odd
variable θ+A with A = 1, . . . ,N . Only in the maximally supersymmetric case N = 4 we
can accommodate the entire self-conjugate SYM multiplet with helicities from −1 to +1.
As we show below, half of them live in the gauge connection A++, the other half in A+α˙ .
The maximal case N = 4 follows the same pattern. Comparing the harmonic depen-
dence of the components of A++ with that of the gauge parameter Λ, we can fix the
N = 4 WZ gauge: A++ = (θ+)2ABφAB(x) + (θ+)3Au−αψAα (x) + 3(θ+)4u−αu−βGαβ(x) ,
(3.36)
where we use the shorthand notation
(θ+)2AB =
1
2!
θ+Aθ+B, (θ+)3A =
1
3!
ǫABCDθ
+Bθ+Cθ+D, (θ+)4 =
1
4!
ǫABCDθ
+Aθ+Bθ+Cθ+D .
By this we have exhausted the entire freedom in the gauge super-parameter but for its first
component, Λ(x, θ+, u) = λ(x)+ . . ., which plays the role of the ordinary gauge parameter.
The other gauge connection A+α˙ has the expansion
A+α˙ = A+α˙ (x, u)+θ+Aψ¯α˙A(x, u)+(θ+)2ABB−α˙AB(x, u)+(θ+)3Aτ−−Aα˙ (x, u)+(θ+)4C−3α˙ (x, u) .
(3.37)
We recall that it appears only in the Chern-Simons action term (3.20), the interaction term
(3.22) is made of A++. So, let us first examine the component content of (3.20). Inserting
the Wess-Zumino gauge (3.36) for A++ and the expansion (3.37) of A+α˙ into it and doing
the Grassmann integral, we obtain
SCS =
∫
d4xdu tr
{
1
2
φAB∇+α˙B−α˙AB + ψ−A∇+α˙ψ¯α˙A + 3G−−F++ − C−3α˙∂++A+α˙
−τ−−α˙A∂++ψ¯α˙A − 1
4
B−α˙AB∂++B−α˙AB − φABψ¯α˙Aψ¯α˙B
}
, (3.38)
where φAB = 1/2ǫABCDφCD, ∇+α˙ = ∂+α˙+ [A+α˙, · ], F++ = ∂+α˙A+α˙ +A+α˙A+α˙ . The fields
B, C, τ are auxiliary and their variation gives rise to the harmonic equations
∂++A+α˙ (x, u) = 0 , ∂++ψ¯α˙A(x, u) = 0 , ∂++B−α˙AB(x, u) = ∇+α˙φAB(x) ,
which allow us to eliminate the harmonic dependence of A+α˙ and ψ¯α˙A (see eq. (3.35)) and
to express B in terms of φ. The variation of (3.38) with respect to the physical fields in
A+α˙ gives further harmonic equations, from which we can express the auxiliary fields τ and
C in terms of the physical ones. The result is
A+α˙ (x, u) = u+αAαα˙(x) , ψ¯α˙A(x, u) = ψ¯α˙A(x) ,
B−α˙AB(x, u) = u
−α∇αα˙φAB(x) , τ−−Aα˙ (x, u) =
1
2
u−αu−β∇αα˙ψAβ (x) ,
C−3α˙ (x, u) = u
−αu−βu−γ∇αα˙Gβγ(x) . (3.39)
Putting this back in (3.38) and doing the harmonic integral (it just picks the Lorentz singlet
part, see (2.10)), we arrive at the component action
SCS =
∫
d4x tr
{
−1
8
∇α˙αφAB∇αα˙φAB + 1
2
ψAα∇α˙αψ¯α˙A +GαβFαβ − φABψ¯α˙Aψ¯α˙B
}
.
(3.40)
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If we restrict ourselves to the Chern-Simons action term (3.20), we recover the action
for N = 4 self-dual SYM, first given in [19, 33, 34]. The N = 4 self-dual multiplet contains
all the helicities from +1 (described by the self-dual field A) down to −1 (the field G).
The latter serves as a Lagrange multiplier for the self-duality condition Fαβ = 0 on Aαα˙.
Similarly, the spinor fields ψAα and ψ¯α˙A form a Lagrangian pair.
However, here we are not interested in the self-dual but in the full N = 4 SYM theory.
The key step is to relax the self-duality constraint Fαβ = 0 following from (3.40) by adding
a quadratic term in the Lagrange multiplier G,10∫
d4x GαβFαβ →
∫
d4x [GαβFαβ − ω
2
GαβGαβ ] . (3.41)
This is the usual first-order form of the YM action. Now the variation with respect to G
simply identifies ωG = F . Eliminating G from (3.41), we obtain the second-order action∫
d4x FαβFαβ ∼
∫
d4x FµνFµν up to a topological term.
We can now clearly see the LHC analog of the above transition from self-dual to full
SYM. The self-duality equation is contained in the super-curvature constraint W++ = 0
and its relaxed form is the constraint (3.16). As explained above, the right-hand side of
(3.16) follows from the variation of SZ (3.22). We should then expect that SZ contains
the quadratic Lagrange multiplier term GG from (3.41). Indeed, this is straightforward to
show in the WZ gauge (3.36). The bilinear term in (3.22), (3.23) has the form
− ω
2
tr
∫
d4xd8θ du1du2
A++(x, θ+1 , u1)A
++(x, θ+2 , u2)
(u+1 u
+
2 )
2
. (3.42)
The Grassmann integral requires (θ)8 and this can only come from the last term in (3.36),∫
d8θ (θ+1 )
4(θ+2 )
4 = (u+1 u
+
2 )
4. This cancels the harmonic denominator in (3.42), after which
the harmonic integration picks the singlet term and we obtain the quadratic Lagrange
multiplier term GαβG
αβ from (3.41). Further, the non-linear part of (3.22), (3.23) is
truncated at n = 4 due to the nilpotent character of A++ in the WZ gauge (3.36). The cubic
term (θ+1 )
2φ(θ+2 )
3ψ(θ+3 )
3ψ supplies the chiral Yukawa interaction φψψ (the complement of
the anti-chiral Yukawa term in (3.40)). Note that (θ+1 )
2φ(θ+2 )
2φ(θ+3 )
4G does not contribute
due to the harmonic integration (absence of a Lorentz singlet in the product φφG). Finally,
the quartic term (θ+1 )
2φ(θ+2 )
2φ(θ+3 )
2φ(θ+4 )
2φ supplies the (φ)4 interaction. So, we get11
SZ = ω
∫
d4x tr
(
−1
2
GαβG
αβ − 1
4
φABψ
αAψBα +
1
32
[φAB , φCD][φAB , φCD]
)
. (3.43)
Together, the action terms (3.40) and (3.43) form the complete N = 4 SYM action with a
first-order (Lagrange multiplier) formulation of the YM Lagrangian.
10In the twistor literature the action (3.41) is referred to as the Chalmers-Siegel action, often quoting
[35], although this paper deals only with the self-dual action of Siegel [19]. This first-order form of the YM
action appears in the paper [36], but the authors quote an earlier source [37].
11This coincides with eq. (3.27) in [23]. Likewise, their eq. (3.16) coincides with our (3.40). The latter
first appeared in [19, 33, 34] and was recast in superspace form in [20].
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3.5 Yang-Mills theory in Lorentz harmonic space
The formulation of N = 4 SYM described above can be truncated to the ordinary (non-
supersymmetric) Yang-Mills theory. In doing so we recover the result of [38]. We refer the
reader to that paper for the detailed comparison with the original twistor version.
The truncation is done by dropping all the components of the semi-superfields A++
and A+α˙ which carry SU(4) indices:
A++ = A++(x, u) + 3(θ+)4G−−(x, u) , A+α˙ = A+α˙ (x, u) + (θ+)4C−3α˙ (x, u) . (3.44)
Notice that unlike the WZ gauge (3.36), here the connection A++ still has a component at
level (θ)0. Together with A+α˙ they play the role of the gauge connections for the covariant
harmonic and projected space-time derivatives (cf. (3.2)):
∇++ = ∂++ +A++ , ∇+α˙ = ∂+α˙ +A+α˙ . (3.45)
They undergo gauge transformations like in (3.3) but with a bosonic parameter λ(x, u).
The (θ+)4 components in (3.44) are Lagrange multipliers, as we show below.
Let us now substitute the truncated expansions (3.44) into the action (3.25) and inte-
grate out the Grassmann variables. The Chern-Simons part (3.20) gives
SCS = tr
∫
d4xdu
[
3G−−F++ − C−3α˙(∂++A+α˙ − ∂+α˙A++ + [A++,A+α˙ ])
]
(3.46)
with F++ = 12 [∇+α˙,∇+α˙ ] = ∂+α˙A+α˙ + A+α˙A+α˙ . The Lagrange multiplier C−3 imposes the
zero-curvature condition
0 = ∂++A+α˙ − ∂+α˙A++ + [A++,A+α˙ ] ⇔ [∇++,∇+α˙ ] = 0 . (3.47)
This harmonic differential equation for the connection A+α˙ allows us to express it in terms of
the other connection A++, except for the first term in the harmonic expansion A+α˙ (x, u) =
u+αAαα˙(x) + . . . (cf. (3.39)). This component is identified with the gluon field. The other
Lagrange multiplier G−−, if left alone, would impose the self-duality constraint F++ = 0.
However, G−− appears also in the interaction term (3.22), (3.23):
SZ = 9ω tr
∞∑
n=2
(−1)n
n
∑
k 6=j
∫
du1 . . . dun (u
+
k u
+
j )
4 ×
A++(1) . . .A++(k − 1)
(u+1 u
+
2 ) . . . (u
+
k−1u
+
k )
G−−(k)
(u+k u
+
k+1)
A++(k + 1) . . .A++(j − 1)
(u+k+1u
+
k+2) . . . (u
+
j−1u
+
j )
G−−(j)
(u+j u
+
j+1)
A++(j + 1) . . .A++(n)
(u+j+1u
+
j+2) . . . (u
+
n u
+
1 )
,
(3.48)
where the argument of each A++ or G−− refers to the harmonic variable at that point
(cf. (3.23)). Eqs. (3.46) and (3.48) coincide with eq. (35) in [38]. As shown there, this YM
action in Lorentz harmonic space is equivalent to the twistor formulation of [22], [23], [24].
To recover the standard first-order formulation of YM theory in Euclidean space-time,
we can profit from the gauge transformation δA++ = ∂++λ + [A++, λ] to completely
– 18 –
gauge away the harmonic connection, A++ = 0. This still leaves the first component in
λ(x, u) = λ(x) + . . . as the usual gauge parameter. In this gauge eq. (3.47) becomes trivial
yielding A+α˙ (x, u) = u+αAαα˙(x). Substituting this back in (3.46) we get
SCS = tr
∫
d4xGαβF
αβ with Gαβ(x) = 3
∫
duu+αu
+
β G−−(x, u) .
Here the second relation is an example of the harmonic version of a ‘twistor transform’.
Further, all but the first (bilinear) term in (3.48) drop out, thus reducing the ‘interaction’
Lagrangian to the square of the Lagrange multiplier G:
SZ = −9ω
2
tr
∫
d4xdu1du2 (u
+
1 u
+
2 )
2G−−(1)G−−(2) = −ω
2
tr
∫
d4xGαβGαβ .
4 Supersymmetry of the N = 4 SYM action
In this Section we discuss the realization of N = 4 supersymmetry in the action (3.25). We
have already shown that in the WZ gauge this action coincides with the full N = 4 SYM
component action, which is invariant under N = 4 supersymmetry. The supersymmetry
of the component action is not manifest, of course.
As explained at the beginning of Sect. 3.1, the chiral-analytic gauge super-connections
(3.1) do not transform as superfields under the full N = 4 supersymmetry, but only under
its chiral (Q) half. The other half (Q¯) is realized non-linearly. In addition, the super-
symmetry algebra closes modulo field equations and compensating gauge transformations.
This is typical for an on-shell realization of supersymmetry. We repeat that the purpose
of this article is not to break the (so far unsurmountable) N = 4 barrier for a theory with
full off-shell supersymmetry.
In Sect. 4.1 we recall the supersymmetry transformation in the LHC formulation of the
self-dual theory from [20]. Then in Sect. 4.2 we explain how Q¯ supersymmetry is modifies
in the full SYM theory. In Sect. 4.3 we verify that the supersymmetry generators form
the super-Poincare´ algebra on shell and up to compensating gauge transformations. In
Sect. 4.4 we demonstrate that the non-linearly realized Q¯ supersymmetry commutes with
the gauge transformations. Finally, in Sect. 4.5 we show that in the WZ gauge the LHC
supersymmetry transformations take the conventional form of the transformation rules for
the physical fields. The material of the present Section constitutes our toolbox in [1] where
we reconstruct the θ¯ dependence of the non-chiral stress-tensor multiplet formulated in the
LHC superspace.
4.1 Supersymmetry of the Chern-Simons action
The way N = 4 supersymmetry is realized on the gauge connections A++ and A+α˙ was
discussed for the first time in [20], in the context of the self-dual N = 4 SYM theory.
There one imposes the constraint (3.5) and the self-dual version (3.18) of the constraint
(3.16). The action is given by the term SCS from (3.20), without the interaction term (3.22).
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In [20] it was shown that SCS is invariant under the supersymmetry transformations
δCSA
+
α˙ = (ǫ¯
β˙
Bθ
+B∂−
β˙
− u+β ǫβB∂−B )A+α˙ , (4.1)
δCSA
++ = (ǫ¯β˙Bθ
+B∂−
β˙
− u+β ǫβB∂−B )A++ + (ǫ¯β˙Bθ+B)A+β˙ . (4.2)
These are transformation laws of ‘semi-superfields’. We are not transforming the coordi-
nates like in (2.13) but the superfields themselves. From this point of view the harmonic
derivative ∂++ does not commute with the translation part of (4.1), (4.2),
[∂++ , ǫ¯β˙Bθ
+B∂−
β˙
− u+β ǫβB∂−B ] = ǫ¯β˙Bθ+B∂+β˙ − u
+
β ǫ
βB∂+B . (4.3)
Using (4.1), (4.2), (4.3) it is easy to check that
δLCS = (ǫ¯
β˙
Bθ
+B∂−
β˙
− u+β ǫβB∂−B )LCS +
1
2
(ǫ¯β˙Bθ
+B)∂+α˙tr(A+α˙A
+
β˙
) , (4.4)
i.e., the Lagrangian transforms into a total derivative with respect to the variables xα˙α and
θ+A. Consequently, the action (3.20) is invariant.
The N = 4 supersymmetry transformations (4.1), (4.2) form a closed algebra on shell
(see Sect. 4.3), i.e. using the field equation (3.5) and the self-dual version (3.18) of (3.16):
[δCS(κ) , δCS(ǫ)]A
+
α˙ = (ǫ
βBκ¯β˙B − κβB ǫ¯β˙B) ∂ββ˙A+α˙ + δΛA+α˙
[δCS(κ) , δCS(ǫ)]A
++ = (ǫβBκ¯β˙B − κβB ǫ¯β˙B) ∂ββ˙A++ + δΛA++ ,
up to a gauge transformation (3.3) with the field-dependent parameter
ΛQQ¯ = u
−
β (κ
βB ǫ¯α˙B − ǫβBκ¯α˙B)A+α˙ . (4.5)
4.2 Full action and modified Q¯ supersymmetry transformation
After completing the CS action with the ‘interaction’ term SZ (3.22), (3.23), we need to
modify the Q¯−half of the supersymmetry transformations.12 The basic reason is that
the field equation (3.18) is modified by the interaction term and becomes (3.16). The
non-vanishing right-hand side of (3.16) suggests the modification
δA+α˙ = δCSA
+α˙ + δZA
+α˙ , (4.6)
where
δZA
+α˙ = ω(∂+)4[(ǫ¯α˙Bθ
−B)A−−] , (4.7)
while δA++ in (4.2) remains unchanged, δA++ = δCSA
++ and δZA
++ = 0. We remark
that if we switch off the interaction by setting g = 0, the modification term (4.7) clearly
does not vanish. In other words, the bilinear part of the action (3.26) is invariant under Q¯
supersymmetry (4.2), (4.6) including the linearized part of (4.7).
12Such a modification was proposed in [39], in a component field formulation of the theory. The modifi-
cation in the form (4.7) has been known for a long time in the context of the formulation of N = 4 SYM
in N = 2 harmonic superspace [5], see Sect. 6 for the detail.
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Let us show that this modification makes the action (3.25) invariant under the full
supersymmetry. Evidently, δZSZ = 0 since SZ depends only on the connection A
++,
however (recall the variation of SZ (3.27))
δCSSZ = −ω tr
∫
d4xdud8θ
[
(ǫ¯β˙Bθ
+B)A+
β˙
+ (ǫ¯β˙Bθ
+B∂−
β˙
− u+β ǫβB∂−B )A++
]
A−− . (4.8)
On the other hand (recall that ∇++ = ∂++ + [A++, · ]),
δZSCS = tr
∫
d4xdud4θ+ δZA
+α˙(∂+α˙A
++ −∇++A+α˙ )
= ω tr
∫
d4xdud4θ+ (∂+)4[(ǫ¯α˙Bθ
−B)A−−] (∂+α˙A
++ −∇++A+α˙ )
= ω tr
∫
d4xdud8θ (ǫ¯α˙Bθ
−B)(∂+α˙A
++ −∇++A+α˙ )A−− . (4.9)
In the second line, when completing the measure d4θ+(∂+)4 = d8θ we used the analyticity
of ∂+α˙A
++ −∇++A+α˙ . Collecting the terms with ǫ¯ and A+α˙ from (4.8) and (4.9), we get
− ω tr
∫
[(ǫ¯α˙Bθ
+B)A+α˙ + (ǫ¯
α˙
Bθ
−B)∇++A+α˙ ]A−− = −ω tr
∫
∇++[(ǫ¯α˙Bθ−B)A+α˙ ]A−− .
Then we integrate∇++ by parts and use the defining relation (3.11) in the form∇++A−− =
∂−−A++ to obtain
ω
∫
d8θ [(ǫ¯α˙Bθ
−B)A+α˙ ] ∂
−−A++ = ω
∫
d4θ+ ǫ¯α˙BA
+
α˙ (∂
+)4[θ−B∂−−A++] = 0 . (4.10)
Here we have used the analyticity of A+α˙ and A
++; one derivative ∂+ eliminates θ−, two
others annihilate ∂−−A++.
Further, the terms with A++ from (4.8) and (4.9) combine into
δCSSZ + δZSCS = −ω tr
∫
d4xdud8θ [(ǫ¯α˙Bθ
+B)∂−α˙ − (ǫ¯α˙Bθ−B)∂+α˙ − u+β ǫβB∂−B ]A++ · A−−
= −ω tr
∫
d4xdud8θ [−ǫ¯α˙BθαB∂αα˙ + ǫβB∂βB ]A++ ·A−− , (4.11)
where in the second line we have used the analyticity condition ∂+BA
++ = 0 to write the Q
supersymmetry transformation (4.2) in the form δA++ = (−u+β ǫβB∂−B + u−β ǫβB∂+B )A++ =
ǫβB∂βBA
++. The result is a Q¯ shift of x and a Q shift of θ as in (2.13). Now, recall
the expression (3.23) for the Lagrangian in (3.22). In it each A++ depends on the same
(xαα˙, θ
αA), as in the integration measure in (4.11), even though in each A++(i) the odd
variable θαA appears projected with the harmonic (ui)
+
α . Thus, the variation (4.11) can be
interpreted as a harmonic independent shift δx = −ǫ¯θ, δθ = ǫ of all A++ in (3.23). This
shift is a total derivative, so
∫
d4xd8θ annihilates it. This completes the proof that the
action (3.25) is invariant under the supersymmetry transformations (4.1), (4.2) and (4.6).
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4.3 Closure of the supersymmetry algebra
Here we show that the modified supersymmetry transformations (4.1), (4.2) and (4.6)
form the super-Poincare´ algebra on shell, up to field-dependent gauge transformations.
The supersymmetry generators and variations are related by
δ(ǫ) = δQ(ǫ) + δQ¯(ǫ) = ǫ
βBQβB + ǫ¯
β˙
BQ¯
B
β˙
.
The generators of Q supersymmetry are the same for both analytic connections,
QβB = ∂
β
B → QβBA(θ+) = −u+β∂−BA(θ+) , (4.12)
while those of Q¯ supersymmetry are different for A++ and A+α˙ even in the self-dual theory,
Q¯B
β˙
A+α˙ = θ
+B∂−
β˙
A+α˙ + (Q¯Z)
B
β˙
A+α˙ , (Q¯Z)
B
β˙
A+α˙ = ω(∂
+)4(θ−BA−−)ǫα˙β˙ (4.13)
Q¯B
β˙
A++ = θ+B
(
∂−
β˙
A++ +A+
β˙
)
. (4.14)
The generator Q¯B
β˙
A++ can be rewritten with the help of the kinematical field equation
(3.5), ∂+
β˙
A++ = ∇++A+
β˙
, in a different form which is not modified by the interaction term:
Q¯B
β˙
A++ = −θβB∂ββ˙A++ + θ−B∂+β˙ A
++ + θ+BA+
β˙
= −θβB∂ββ˙A++ + θ−B∇++A+β˙ + θ
+BA+
β˙
= −θβB∂ββ˙A++ +∇++(θ−BA+β˙ ) . (4.15)
From (4.15) and the defining relation (3.11) we can find the Q¯ transformation of A−−
Q¯B
β˙
A−− = −θβB∂ββ˙A−− +∇−−(θ−BA+β˙ ) with ∇
−− = ∂−− + [A−−, · ] . (4.16)
We remark that the terms ∇±±(θ−BA+
β˙
) in (4.15) and (4.16) are not gauge transformations
(3.3) because the ‘parameter’ θ−BA+
β˙
is not LH-analytic.
The Q transformations are just shifts of the odd coordinates, therefore they obviously
commute. For the rest of the supersymmetry algebra involving Q¯, we expect that it closes
up to field equations and compensating gauge transformations. Let us first check the
closure on A++. Making two infinitesimal transformations with parameters ǫ and κ¯ and
using (4.12) and (4.15), we find the commutator of the Q¯ and Q transformations
[δQ¯(κ), δQ(ǫ)]A
++ = ǫβBκ¯β˙B ∂ββ˙A
++ +∇++ΛQQ¯ . (4.17)
The calculation is the same as in the self-dual case. Here the first term on the right-
hand side is the expected translation according to {Q¯,Q} = ∂x, the second term is a
compensating gauge transformation with the parameter (4.5).
Further, using (4.14), (4.13) and (3.11) we find the commutator of two Q¯ transforma-
tions on the connection A++,
[δQ¯(κ), δQ¯(ǫ)]A
++ = 2ω(∂+)4(ǫ¯κ¯)BCθ
+[Bθ−C]A−− , (4.18)
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with (ǫ¯κ¯)BC = ǫ¯β˙Bκ¯
β˙
C . Then we use the defining equation for A
−− (3.11) and rewrite
(4.18) as follows
ω∂++(∂+)4(ǫ¯κ¯)BCθ
−Bθ−CA−− − ω(∂+)4(ǫ¯κ¯)BCθ−Bθ−C∂++A−−
= ∇++ΛQ¯Q¯ − ω(∂+)4(ǫ¯κ¯)BCθ−Bθ−C∂−−A++ .
The second term in the last line vanishes due to the analyticity of A++ and the four
derivatives ∂+ while the first term is a compensating gauge transformation with parameter
ΛQ¯Q¯(θ
+) = ω(∂+)4
[
(ǫ¯κ¯)BCθ
−Bθ−CA−−
]
. (4.19)
We emphasize that ΛQ¯Q¯ is analytic, as it should be, due to projector (∂
+)4 in it. Therefore,
the supersymmetry algebra closes on the connection A++
[δ(κ), δ(ǫ)]A++ = (ǫβBκ¯β˙B − κβB ǫ¯β˙B) ∂ββ˙A++ +∇++(ΛQQ¯ + ΛQ¯Q¯) .
Next, let us show the closure of the algebra on the connection A+α˙ . Using (4.12) and
(4.13) we find the commutator of the Q¯ and Q transformations
[δQ¯(κ), δQ(ǫ)]A
+
α˙ = −(ǫ+Bκ¯β˙B) ∂−β˙ A
+
α˙ − ω(∂+)4(ǫ−Bκ¯α˙B)A−− . (4.20)
Here A−− transforms by shifts of θ under Q supersymmetry, i.e. δQ(ǫ)A
−− = ǫβB∂βBA
−−.
This agrees with the definition of A−− in (3.11). In the first term on the right-hand side
we complete the coordinate shift and then use the field equation (3.17) to get
− (ǫ+Bκ¯β˙B) ∂−β˙ A
+
α˙ = (ǫ
βBκ¯β˙B) ∂ββ˙ A
+
α˙ − (ǫ−Bκ¯β˙B) ∂+β˙ A
+
α˙
= (ǫβBκ¯β˙B) ∂ββ˙ A
+
α˙ −∇+α˙ (ǫ−Bκ¯β˙B)A+β˙ + ω(ǫ
−Bκ¯α˙B)(∂
+)4A−− .
The first term in the second line is a translation, the second is a compensating gauge
transformation with parameter (4.5) and the third cancels against a similar term in (4.20).
We conclude that
[δQ¯(κ), δQ(ǫ)]A
+
α˙ = ǫ
βBκ¯β˙B ∂ββ˙A
+
α˙ +∇+α˙ΛQQ¯ . (4.21)
Finally, using (4.13) and (4.16) we evaluate the commutator of two Q¯ transformations
on the connection A+α˙ :
[δQ¯(κ), δQ¯(ǫ)]A
+
α˙ = −ω(∂+)4
[
(ǫ¯α˙C κ¯
β˙
B)θ
+Bθ−C∂−
β˙
A−− + κ¯α˙Bθ
−BδQ¯(ǫ)A
−−
]
− (ǫ↔ κ)
= ω(∂+)4
[
(ǫ¯κ¯)BCθ
−Bθ−C∇+α˙A−− − ∂−−(ǫ¯κ¯)BCθ−Bθ−CA+α˙
]
= ∇+α˙ΛQ¯Q¯ . (4.22)
This again is a compensating gauge transformation with the parameter (4.19). The second
term in the second line of (4.22) drops out due to the projector (∂+)4 and the analyticity
of A+α˙ . So, the supersymmetry algebra closes on the connection A
+
α˙ as well,
[δ(κ), δ(ǫ)]A+α˙ = (ǫ
βBκ¯β˙B − κβB ǫ¯β˙B) ∂ββ˙A+α˙ +∇+α˙ (ΛQQ¯ + ΛQ¯Q¯) .
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4.3.1 Closure of the Q¯ subalgebra off and on shell
We have checked that the full supersymmetry algebra is realized on the superconnections,
modulo gauge transformations and the field equations (the kinematical constraint (3.5)
and dynamical equation of motion (3.16)). The Q supersymmetry transformations (4.12)
form an Abelian subalgebra off shell, i.e. the Q-half of the supersymmetry is manifest in
our formalism. A natural question to ask is if the Q¯-half also forms an Abelian subalgebra
off shell. This will be important for us in [1] where we employ Q¯ transformations to
construct the full stress-tensor supermultiplet starting from its chiral truncation. We use
Q¯ in the form (4.13) and (4.14). In Sect. 4.3 we have already shown, without using the
field equations, that two Q¯ anticommute on A++ up to a gauge transformation (4.19) ,
[δQ¯(κ), δQ¯(ǫ)]A
++ = ∇++ΛQ¯Q¯ off shell .
However, on A+α˙ the anticommutation (up to a gauge transformation) is valid only modulo
the kinematical constraint (3.5) . More precisely, we have
[δQ¯(κ), δQ¯(ǫ)]A
+
α˙ = ω (κ¯
β˙
Aǫ¯α˙B − ǫ¯β˙Aκ¯α˙B)(∂+)4θ−B
∫
dv
(
θ−AW+3
β˙
δ
δA++
)
(v) A−−
+∇+α˙ΛQ¯Q¯ off shell ,
where the curvature W+3α˙ is defined in (3.4), the dependence on the dummy harmonic v is
indicated explicitly. We plan to use this anticommutation relation repeatedly on the same
superfields. This is possible because the field equations (3.5) and (3.16) transform into
each other under Q¯ supersymmetry,
Q¯B
β˙
W+3α˙ = θ
+B∂−
β˙
W+3α˙ + ǫα˙β˙θ
+B(W++ − ωW++)
Q¯B
β˙
(W++ − ωW++) = θ+B∂−
β˙
(W++ − ωW++)− ω(∂+)4
∫
dv
(
θ−BW+3
β˙
δ
δA++
)
(v) A−− .
4.4 Q¯ supersymmetry and gauge transformations
The supersymmetry transformations ought to commute with the gauge transformations.
This is evident for the Q−half (see (4.12)). The Q¯−half is realized non-linearly and it
mixes the two gauge connections, so the commutativity is not obvious. Here we prove that
the Q¯ transformations (4.13), (4.14) commute with the gauge transformation (3.3),
[ δQ¯ , δΛ ] A
++ = [ δQ¯ , δΛ ] A
+
α˙ = 0 . (4.23)
This result will be crucial for us in the twin paper [1]. There we consider chiral gauge-
invariant operators in LHC superspace and use the Q¯-variations to construct their non-
chiral extensions. The commutativity (4.23) ensures that the variations are gauge invariant
operators as well. We emphasize that the commutativity holds without the field equations.
We start with δA++. Denoting (ǫ¯β˙ · θ+) ≡ ǫ¯β˙Bθ+B and recalling (3.3) and (4.14), we
find
δΛ δQ¯A
++ = δΛ
(
(ǫ¯β˙ · θ+)(∂−
β˙
A++ +A+
β˙
)
)
= (ǫ¯β˙ · θ+)(∂−
β˙
∇++Λ+∇+
β˙
Λ)
= (ǫ¯β˙ · θ+)(∂++∂−
β˙
Λ + ∂−
β˙
[A++,Λ] + [A+
β˙
,Λ]
)
.
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The inverse sequence of variations leads to
δQ¯ δΛA
++ = δQ¯
(
∂++Λ+ [A++,Λ]
)
= ∂++
(
(ǫ¯β˙ · θ+)∂−
β˙
Λ
)
+ [(ǫ¯β˙ · θ+)(∂−
β˙
A++ +A+
β˙
),Λ] + [A++, (ǫ¯β˙ · θ+)∂−
β˙
Λ]
= δΛ δQ¯ A
++ .
Here we assume that the gauge parameter transforms under Q¯ supersymmetry as a chiral-
analytic semi-superfield, δQ¯Λ = (ǫ¯
β˙ · θ+)∂−
β˙
Λ (cf. (4.1)). The first part of (4.23) is proven.
Now we turn to the variation of A+α˙ (recall (3.9)):
δΛ δQ¯A
+
α˙ = δΛ
(
(ǫ¯β˙ · θ+)∂−
β˙
A+α˙ + ω(∂
+)4(ǫ¯α˙ · θ−)A−−)
)
= (ǫ¯β˙ · θ+)∂−
β˙
(∇+α˙Λ) + ω(∂+)4(ǫ¯α˙ · θ−)(∂−−Λ + [A−−,Λ])
= (ǫ¯β˙ · θ+)∂−
β˙
(
∂+α˙ Λ+ [A
+
α˙ ,Λ]
)
+ ω
[
(∂+)4((ǫ¯α˙ · θ−)A−−),Λ
]
,
where we used the fact that (∂+)4(θ−B∂−−Λ) = 0 due to the analyticity of the gauge
parameter, ∂+Λ = 0. On the other hand,
δQ¯ δΛA
+
α˙ = δQ¯
(
∂+α˙Λ+ [A
+
α˙ ,Λ]
)
= ∂+α˙ (ǫ¯
β˙ · θ+)∂−
β˙
Λ+
[
(ǫ¯β˙ · θ+)∂−
β˙
A+α˙ + ω(∂
+)4(ǫ¯α˙ · θ−)A−−,Λ
]
+ [A+α˙ , (ǫ¯
β˙ · θ+)∂−
β˙
Λ]
= δΛ δQ¯ A
+
α˙ .
Thus the second relation in (4.23) is proven.
4.5 Q¯ supersymmetry in the WZ gauge
Here we examine the Q¯ supersymmetry transformations in the WZ gauge (3.36). We would
like to show that the LHC formulae of the previous subsections reproduce the familiar
transformation rules for the physical component fields. For simplicity, we restrict the
discussion to the linearized (free) case. We demonstrate once more that the modification
of the supersymmetry transformations (4.7) is necessary even in the free theory. In order
to maintain the gauge we have to make a compensating gauge transformation (3.3) with
parameter Λ = −(ǫ¯β˙Bθ+B)A−β˙ depending on the gauge field Aββ˙ .
Let us start with the Q¯ transformations of A+α˙ in the self-dual theory (4.1). We use a
shorthand notation for the composition of the two transformations δ = δCS+Λ(ǫ). We have
δA+α˙ = ǫ¯
β˙
Bθ
+B∂−
β˙
A+α˙ + ∂
+
α˙Λ .
Inserting the WZ gauge (3.37), we deduce the transformation rules for the component
fields A and ψ¯. It is clear that the gauge field A does not transform. At level (θ+)1 we get
δψ¯α˙B = −ǫ¯β˙B(∂−β˙ A
+
α˙ − ∂+α˙A−β˙ ) = ǫ¯α˙B F
+− + ǫ¯β˙B F˜α˙β˙ , (4.24)
where Fαβ = ∂β˙(αAβ)
β˙
and F˜α˙β˙ = ∂
α
(α˙Aβ˙)α are the two halves of the YM curvature. The
F˜−term in the second relation is the expected transformation of the component ψ¯α˙B ,
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while the F−term is unwanted. In the self-dual theory we have the field equation Fαβ = 0
(recall (3.18)) and the unwanted term vanishes. However, in the full theory the equation
is modified, Fαβ = ωGαβ 6= 0 (recall (3.41)). We expect that this term is compensated by
the modification (4.7). Indeed, in the linearized case and in the WZ gauge we have
δZA
+α˙ = ω(∂+)4ǫ¯α˙Bθ
−BA−− = −ω
2
ǫ¯α˙Bψ
+B − ωθ+B ǫ¯α˙BG+− .
The fermion term in this formula generates the expected transformation of the YM field,
δZAα˙α = −ω
2
ǫ¯α˙Aψ
αA , (4.25)
while the G−term compensates the F−term in (4.24) due to the field equation and we find
δCS+Z+Λ ψ¯α˙B = ǫ¯
β˙
B F˜α˙β˙ .
For the other prepotential A++ the Q¯ transformation rules are the same as in the
self-dual theory, (4.2) and (4.14), so we have
δA++ = ǫ¯β˙Bθ
+B[∂−
β˙
A++ +A+
β˙
−A+
β˙
] .
Substituting the WZ gauges (3.36) and (3.37) in this formula, we find
δφAB = 2ǫ¯
β˙
[Aψ¯B]β˙
δψAα = −2ǫ¯β˙B∂αβ˙φAB
δGαβ =
1
2
ǫ¯β˙B∂
(α
β˙
ψβ)B .
Here we eliminated the auxiliary fields B− and τ−− by means of the field equations (3.39).
The component field transformations found here are in agreement with those in [39].
In particular, the non-self-dual modification concerns only the gauge field (4.25).
5 Quantization
In this section we quantize the N = 4 SYM theory with the classical action (3.25). In order
to define propagators for the gauge connections we need to fix a gauge. In Sect. 5.1 we
discuss the light-cone gauge. Then in Sect. 5.2 we derive the propagators for the dynamical
superfields A++ and A+α˙ in this gauge, and after that we summarize the Feynman rules in
Sect. 5.3. In Sect. 5.4 we give some simple examples of LHC supergraph calculations.
5.1 Light-cone gauge
We wish to implement the so-called “axial” or “CSW” gauge of [23], [27]. Translating to
our notation, it is simply
ξα˙A+α˙ = 0 , (5.1)
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where ξα˙ is an arbitrary but fixed commuting anti-chiral spinor.13 We prefer the name
“light-cone” to the name “axial” used in [23] and other twistor papers. Indeed, recall that
the ordinary Yang-Mills field Aαα˙(x) lives in the connection A+α˙ , see the first line in (3.39).
Then the condition (5.1) restricted to this particular component becomes ξα˙u
+
αAα˙α(x) = 0.
Here we see the light-like vector nαα˙ = ξα˙u
+
α typical for the light-cone gauge, rather than
the non-null vector nµ of the standard axial gauge [40].
An important advantage of the gauge (5.1) is that the cubic interaction term in the
Chern-Simons Lagrangian (3.21) vanishes. Indeed, the general solution of (5.1) is A+α˙ =
ξα˙A
+, hence A+α˙A+α˙ = 0. Thus, the connection A
+
α˙ becomes non-interacting but still
propagating. Another advantage of this type of gauge is the decoupling of the ghosts [40].
One should make sure that the gauge (5.1) is possible. To answer this question, we
make an Abelian gauge transformation and try to find a parameter Λ which can eliminate
the projection in (5.1):
ξα˙A+α˙ = ξα˙∂
+α˙Λ(x, θ+, u) .
The operator ξα˙∂
+α˙ is invertible on the space of Λ, just like inverting a particular projection
of the momentum. So the gauge (5.1) is possible under appropriate boundary conditions.
Let us now rewrite the gauge-fixing condition (5.1),
ξ
.
−α˙A+α˙ = 0 (5.2)
and give it a new interpretation. We consider the parameter ξα˙ as belonging to a new
set of LH variables, this time for the second (anti-chiral) factor of the Lorentz group
SU(2)L × SU(2)R. These new harmonics satisfy the usual SU(2) conditions (recall (2.5))
ξ
.
+α˙ξ
.
−
α˙ = 1 , (ξ
.
+α˙)∗ = ξ
.
−
α˙ (5.3)
and are defined up to a U(1) phase. To distinguish the harmonic charges of u±α and of ξ
.
±
α˙
we put a dot above the latter (like the anti-chiral spinor indices α˙). The main difference
between ξ
.
±
α˙ and u
±
α is that the former are fixed parameters while the latter are coordinates.
With the help of the two sets of harmonics we can project any Lorentz tensor onto its light-
cone components. For example, the space-time coordinate xα˙α can be decomposed into
xα˙α = −ξ
.
−α˙u+αx
.
+− − ξ
.
+α˙u−αx
.
−+ + ξ
.
−α˙u−αx
.
++ + ξ
.
+α˙u+αx
.
−− , (5.4)
where we see the covariant light-cone projections
x
.
±± = ξ
.
±
α˙ x
α˙αu±α (5.5)
obtained by using the four light-like vectors n
.
±±
µ = ξ
.
±
α˙ (σµ)
α˙αu±α . If we make some standard
choice of the harmonics, e.g., ξ
.
+
α˙ = (1, 0) , ξ
.
−
α˙ = (0, 1), etc., the projections (5.5) become
the usual light-cone projections.
13In [26] the gauge is generalized by replacing ξα˙ by a full ‘reference super-twistor’ Z∗ = (µα, ξα˙, ζ
A). For
our purposes the simpler form (5.1) suffices. Moreover, it seems unnatural to use the fermion ζ in Z∗ to fix
a gauge for the bosonic semi-superfields A++, A+α˙ .
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5.2 Green’s functions
Now we proceed to the derivation of the propagators for the dynamical superfields A++
and A+α˙ . To simplify the derivation, we shall adopt the approach of [23], which is to treat
the bilinear term in the second line of (3.26), coming from the Zupnik Lagrangian (3.23),
as a ‘bivalent vertex’ (see also the comments in Sect. 5.4). Then the relevant kinetic terms
are contained in the first line of (3.26), coming from the Chern-Simons Lagrangian (3.21).
Adding sources for the two dynamical superfields, we obtain
Lkin = A
++∂+α˙A+α˙ −
1
2
A+α˙∂++A+α˙ −A++J++ −A+α˙J+3α˙ . (5.6)
Like the super-connections, the sources are chiral-analytic semi-superfields, J(x, θ+, u).
Due to the gauge invariance (3.3), the sources satisfy the conservation condition
∂++J++ + ∂+α˙J+3α˙ = 0 . (5.7)
The linearized field equations are
δ/δA++ : ∂+α˙A+α˙ = J
++ , δ/δA+α˙ : ∂+α˙A
++ − ∂++A+α˙ = J+3α˙ . (5.8)
They are solved in terms of Green’s functions:
A++(1) =
∫
2
〈A++(1)A++(2)〉J++(2) +
∫
2
〈A++(1)A+α˙(2)〉J+3α˙ (2) (5.9)
A+α˙ (1) =
∫
2
〈A+α˙ (1)A++(2)〉J++(2) +
∫
2
〈A+α˙ (1)A+β˙(2)〉J+3β˙ (2) . (5.10)
Here we use the shorthand A++(k) = A++(xk, θ
+
k , uk) and omit the integration measure
d4x2du2d
4θ+2 . The Green’s function equations are obtained by substituting (5.9), (5.10) in
(5.8), shifting the derivatives from point 1 to 2, integrating by parts and using (5.7).
Below we show that a solution to the Green’s function equations and the gauge fixing
condition (5.2) is given by the set of propagators14 15
〈A+α˙ (1)A+β˙(2)〉 = 0 ; (5.11)
〈A++(x, θ+, u1)A++(0, 0, u2)〉 = 1
π
δ2(x
.
++) δ(u1, u2) δ
(4)(θ+) ; (5.12)
〈A+α˙ (x, θ+, u1)A++(0, 0, u2)〉 = −〈A++(1)A+α˙ (2)〉 =
1
π
ξ
.
−
α˙
x
.
−+
δ2(x
.
++) δ(u1, u2) δ
(4)(θ+) ,
(5.13)
where we have used translation invariance to set x2 = θ2 = 0. We omit for simplicity the
color inidices δab of the propagators. The bosonic delta functions are defined in App. A.2,
A.3. Notice that we do not specify if the projections (5.5) are made with the harmonic u1
or u2, in view of the harmonic delta functions above.
14Similar propagators, in momentum space and for the bosonic YM theory, appear in [41].
15The momentum space equivalents are presented in Appendix B.
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Let us check that this is a solution of (5.8). The gauge fixing condition (5.2) is obviously
satisfied by (5.13). From (A.20), (A.21), (A.22) and (A.23) we get
∂+α˙〈A+α˙ (1)A++(2)〉 = δ2(x
.
−+) δ2(x
.
++) δ(u1, u2) δ
(4)(θ+)
= δ4(x) δ(u1, u2) δ
(4)(θ+) ; (5.14)
∂++〈A+α˙ (1)A++(2)〉 =
1
π
ξ
.
−
α˙ ∂x
.
−−δ
2(x
.
++)δ(u1, u2) δ
(4)(θ+)+
+
1
π
ξ
.
−
α˙
x
.
−+
δ2(x
.
++) ∂++δ(u1, u2) δ
(4)(θ+) ; (5.15)
∂+α˙ 〈A++(1)A++(2)〉 =
1
π
ξ
.
−
α˙ ∂x
.
−−δ
2(x
.
++) δ(u1, u2) δ
(4)(θ+) . (5.16)
We start with the first equation in (5.8) and substitute (5.10), (5.13) and (5.11) in it.
Taking into account (5.14) we get
∂+α˙A+α˙ (1) =
∫
2
∂+α˙〈A+α˙ (1)A++(2)〉J++(2) = J++(1) .
The second equation in (5.8) is more subtle. We substitute (5.9), (5.10) and (5.11) in it:∫
2
[
∂+α˙ 〈A++(1)A++(2)〉J++(2) + ∂+α˙ 〈A++(1)A+β˙(2)〉J+3β˙ (2)− ∂
++〈A+α˙ (1)A++(2)〉J++(2)
]
.
(5.17)
We need to show that this expression equals J+3α˙ . In the second term we use translation
invariance to bring ∂+α˙ from the first point of the propagator 〈A++(1)A+β˙(2)〉 to the second
point. Then we integrate ∂+α˙ by parts onto the source and use its conservation (5.7),
∂+α˙J+3
β˙
= ∂+
β˙
J+3 α˙ + δα˙
β˙
(
∂+γ˙J+3γ˙
)
= ∂+
β˙
J+3 α˙ − δα˙
β˙
∂++J++ .
Thus in view of (5.14) the second term in (5.17) equals∫
2
∂+
β˙
〈A++(1)A+β˙(2)〉J+3 α˙(2)−
∫
2
〈A++(1)A+α˙(2)〉 ∂++J++(2) =
= J+3 α˙(1) −
∫
2
〈A++(1)A+α˙(2)〉 ∂++J++(2) . (5.18)
We substitute (5.15) in the third term in (5.17), identify the first term of (5.15) with (5.16),
and use (A.12) to integrate ∂++ in the second term of (5.15) by parts onto the source:
−
∫
2
[
∂+α˙ 〈A++(1)A++(2)〉J++(2) + 〈A+α˙ (1)A++(2)〉 ∂++J++(2)
]
. (5.19)
The first term in (5.19) cancels the first term in (5.17) and the second term in (5.19) cancels
the second term on the right-hand side of (5.18) due to the property 〈A+α˙ (1)A++(2)〉 =
−〈A++(1)A+α˙ (2)〉.
This concludes the verification of the propagators (5.11)–(5.13) in the gauge (5.2).
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Figure 1. Part of a supergraph. The two interaction vertices i and j of valences k and l are
connected by a propagator ij. Two sets of LHs uij , uii1 , . . . , uiik and uji, ujj1 , . . . , ujjl are associated
with the vertices. The harmonic delta functions in the propagator identify uij = uji. The vertices
i1, i2, . . . , ik and j1, j2, . . . , jl can be either external or interaction.
5.3 Feynman rules
The action (3.25), the light-cone gauge condition (5.2) and the propagators (5.11)–(5.13)
yield simple Feynman rules:
• To each internal (interaction) vertex i connected with the vertices j1, j2, . . . , jk we
assign a set of LHs uij1 , uij2 , . . . , uijk .
• An LH integral and factor are attached to the vertex, namely
ω (−1)k
∫ ∏k
l=1 duijl
(u+ij1u
+
ij2
)(u+ij2u
+
ij3
) . . . (u+ijku
+
ij1
)
.
• An integration ∫ d4xid8θi is associated with each internal vertex i.
• The color structure at the vertex is tr(T aj1 . . . T ajk ). The propagators are diagonal
in the color space.
• The superfieldA+α˙ can appear only at external vertices, but not at interaction vertices.
• We assign 1pi δ2(x
.
++
ij )δ
4(θ+ij)δ(uij , uji) to each propagator 〈A++(i)A++(j)〉 connecting
vertices i and j. If vertex i is external and A+α˙ (i) is present there, an additional factor
ξ
.
−
α˙ /x
.
−+
ij appears.
• All the Grassmann integrals are done with the help of δ4(θ+ij) from the propagators.
• Using the harmonic delta functions δ(uij , uji) from the propagators, half of the har-
monic integrations can be done immediately leading to the identification uij = uji.
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The other half of the harmonic integrals are lifted with the help of the bosonic δ2(x
.
++
ij )
from the propagators.
These Feynman rules prove to be extremely useful in the calculation of correlation
functions of gauge invariant operators. The main reason is that the Born-level graphs do
not contain interaction vertices, and so each relevant graph is a rational function. In [11] we
used the twistor version of the Feynman rules to calculate the multipoint correlators of the
chiral truncation of the stress-tensor supermultiplet. In [1] we use the LHC Feynman rules
for the study of the multipoint correlation functions of the full (non-chiral) stress-tensor
supermultiplet. We illustrate the Feynman rules in the next Section on the simple example
of the classical and quantum corrections to the propagators.
In conclusion, just a word about prescriptions. One of our propagators, eq. (5.13),
contains a pole of the type 1/x
.
−+. After the harmonic integration at the vertices in a
Feynman graph many more poles of the same type will appear (see Sect. 5.4 for an example).
Such poles are typical for the light-cone gauge. Indeed, we can write x
.
−+ = (xn) where
nαα˙ = ξ
.
−
α˙ u
+
α is a light-like vector. Their treatment is known to be problematic and special
care is needed when choosing the right prescription (see [40] for a review). Here we do not
discuss this subtle issue because in this and the twin paper [1] we are only interested in
rational Born-level correlators. They do not involve non-trivial space-time integrals, where
the prescription becomes relevant.
5.4 Full propagators
Above we found the set of propagators using the quadratic Lagrangian (5.6). We recall
that there is one more quadratic term in the full Lagrangian coming from LZ (see (3.26)).
Following [23], we chose to treat it as an interaction vertex. This is useful because the
quadratic part of LCS supplies rather simple propagators which are very convenient in
Feynman diagram calculations. The quadratic term in LZ is rather different from the
quadratic part of LCS since it is non-local in the harmonics and it contains four extra
Grassmann integrations.
Still, we can ask the question how the extended quadratic Lagrangian modifies the form
of the propagators. Instead of repeating the entire derivation of the previous subsection,
it is easier to calculate the corrections to the ‘bare’ propagators (5.11)–(5.13) inserting
into them the bivalent vertices from LZ. Counting the Grassmann degrees of the relevant
Feynman graphs we conclude that each insertion of the quadratic vertex from LZ lowers
the Grassmann degree by 4 units. Since the ‘bare’ propagators have Grassmann degree 4,
then only a single insertion can give rise to a non-zero correction and the result does not
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u±10 u±20
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x0, θ0
Figure 2. Bivalent vertex correction to the bare propagator 〈A+α˙ (1)A+β˙ (2)〉.
depend on θ. A straightforward calculation yields the corrections
〈A++(x, θ+, u1)A++(0, 0, u2)〉corr = − ω
4π2
(u+1 u
+
2 )
(u−1 u
−
2 )
〈A+α˙ (x, θ+, u1)A++(0, 0, u2)〉corr =
ω
4π2
ξ
.
−
α˙
(u+1 u
+
2 )
(x
.
−u−2 )
〈A+α˙ (x, θ+, u1)A+β˙ (0, 0, u2)〉corr =
ω
4π2
ξ
.
−
α˙ ξ
.
−
β˙
(u+1 u
+
2 )(u
−
1 u
−
2 )
(x
.
−u−1 )(x
.
−u−2 )
, (5.20)
which are to be added to the bare propagators (5.11)–(5.13). These full propagators take
into account the quadratic vertex from LZ. If we use the full propagators instead of the
bare ones, then all interaction vertices will be at least cubic in the fields. Following the
lines of Sect. 5.2, we have checked that the corrected propagators solve the analogs of the
Green’s function equations (5.8) corresponding to the extended quadratic Lagrangian.
As an illustration, let us calculate the last correction in (5.20) explicitly. The insertion
of a bivalent vertex at point 0 depicted in Figure 2 contributes
〈A+α˙ (1)A+β˙ (2)〉corr =− ω
∫
d8θ0d
4x0
∫
du10du20
(u+10u
+
20)
2
〈A+α˙ (x1, θ+1 , u1)A++(x0, θ0u+10, u10)〉
× 〈A++(x0, θ0u+20, u20)A+β˙ (x2, θ
+
2 , u2)〉 .
Substituting the explicit expressions for the propagators (5.13) we obtain
〈A+α˙ (1)A+β˙ (2)〉corr =
ω
π2
∫
d8θ0d
4x0
∫
du10du20
(u+10u
+
20)
2
ξ
.
−
α˙
(x
.
−
10u
+
1 )
δ(u1, u10)δ
4(θ10u
+
1 )δ
2(x
.
+
10u
+
1 )×
ξ
.
−
β˙
(x
.
−
20u
+
2 )
δ(u2, u20)δ
4(θ20u
+
2 )δ
2(x
.
+
20u
+
2 ) =
ω
π2
(u+1 u
+
2 )
2ξ
.
−
α˙ ξ
.
−
β˙
∫
d4x0
δ2(x
.
+
10u
+
1 )δ
2(x
.
+
20u
+
2 )
(x
.
−
10u
+
1 )(x
.
−
20u
+
2 )
.
On the support of the delta functions (x
.
−
10u
+
1 ) = − (x
.
−
12
u−
2
)
(u−
1
u−
2
)
and (x
.
−
20u
+
2 ) = − (x
.
−
12
u−
1
)
(u−
1
u−
2
)
. The
four delta functions make the integration over x0 trivial and we obtain (5.20).
As another simple illustration of the Feynman rules from Sect. 5.3 let us show that
the first and the second quantum corrections (orders O(g2) and O(g4)) to the two-point
function 〈A++(1)A++(2)〉 vanish. There are two potentially contributing Feynman graphs
depicted in Figure 3. The blobs denote the integration
∫
d4xd8θ. Both graphs vanish,
indeeed. The loop in the first graph contains
1
(u+0 u
+
0′)
2
δ4(θ00′u
+
0 )δ
4(θ00′u
+
0′)δ
2(x
.
+
00′u
+
0 )δ
2(x
.
+
00′u
+
0′) = (θ00′)
8(u+0 u
+
0′)
2δ2(x
.
+
00′u
+
0 )δ
2(x
.
+
00′u
+
0′) = 0
– 32 –
0 0
′
u±0
u±
0′
0
u±
Figure 3. Graphs contributing to the two-point function 〈A++(1)A++(2)〉 at order O(g2).
Figure 4. Graphs contributing to the two-point function 〈A++(1)A++(2)〉 at order O(g4).
because on the support of the bosonic delta functions u+0 ∼ u+0′ . The second graph contains
a self-closed line which is proportional to δ4((θ0 − θ0)u+) = 0.
The LHC supergraphs of order O(g4) contributing to the two-point function are de-
picted in Figure 4. All of them vanish. Indeed, the formal counting of the Grassmann
degree of the first graph gives −4, i.e. it has to be zero. The remaining graphs contain the
one-loop subgraph from Figure 3. It vanishes as we have already explained above, so the
whole graph containing it vanishes as well.
At higher loop orders there are graphs that do not vanish, at least not for obvious
reasons. The above calculation is presented just for illustration purposes. Much more
useful applications of the LHC supergraphs are worked out in [1] where we deal with
correlation functions of composite operators.
6 Analogy with N = 2 harmonic superspace
N = 4 SYM can be formulated in terms of N = 2 superfields in harmonic superspace
[4, 5]. The main tool there are the harmonic variables on SU(2), but for the R-symmetry
group rather than half of the Lorentz group as in this paper. Like the formulation in LHC
superspace, the N = 2 formulation has only half of the N = 4 supersymmetry manifest,
but it is a different half: there one has two Q and two Q¯ manifest supersymmetries, here we
have all four Q’s but no Q¯’s. Still, both the formulation and the way the non-manifest half
of N = 4 supersymmetry is realized are strikingly similar in the two harmonic superspaces.
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Here we give a very brief summary of the N = 2 formulation, referring the reader to
[5] for more detail. The notation of [5] is modified in order to make the similarity with the
LHC formulation more transparent. We make use of Grassmann (or G-)analytic superfields
Φ(za
′a
an , θ
+a, θ¯+a
′
, u) , where θ+a = u+α θ
αa , θ¯+a
′
= u+α θ¯
αa′ . (6.1)
Here α = 1, 2 is an index of the R-symmetry group SU(2) and a, a′ = 1, 2 are indices of
the Euclidean Lorentz group SO(4) ∼ SU(2)L ×SU(2)R. The space-time variable za′a (to
be distinguished from xα˙α in (2.15)) is defined in the analytic basis
za
′a
an = z
a′a + θ¯+a
′
θ−a + θ¯−a
′
θ+a . (6.2)
From the point of view of N = 4 supersymmetry these are ‘semi-superfields’ because they
do not depend on the other half of the Grassmann variables, θα˙a, θ¯α˙a
′
where α˙ = 1, 2
completes the SU(4) index A = (α, α˙). The G-analytic superfields (6.1) depend only on a
quarter of the N = 4 odd variables, hence the N > 2 half of the supersymmetry will be
realized non-linearly and on shell.
We make use of two basic superfields
A+α˙ = A
+
α˙ (zan, θ
+, θ¯+, u) , A++ = A++(zan, θ
+, θ¯+, u) . (6.3)
The first of them describes the N = 2 hypermultiplet matter (HM), with an additional
index α˙ = 1, 2 of the automorphism Pauli-Gu¨rsey group SU(2). The second is the gauge
connection (prepotential) for the supersymmetrized harmonic derivative
D++ = ∂++ − 2θ+a(∂zan)aa′ θ¯+a
′ ⇒ ∇++ = D++ +A++ , (6.4)
with respect to a gauge group with analytic parameters
δA+α˙ = [A
+
α˙ ,Λ] , δA
++ = D++Λ+ [A++,Λ] , Λ = Λ(zan, θ
+, θ¯+, u) . (6.5)
Note that the HM A+α˙ now transforms as a matter field, not as a gauge field as in (3.3). The
reason is the absence of a coordinate like x−α˙ and the corresponding derivative ∂
+
α˙ , whose
covariantization requires the gauge field in (3.2). Another difference is the space-time
derivative term in the harmonic derivative D++ due to the change of basis (6.2).
6.1 Action
The N = 4 SYM action for the superfields (6.3) consists of two terms,
SN=4 = SHM + SZ . (6.6)
The first involves only the HM A+α˙ , the second depends only on A
++ and is the original
Zupnik’s action [12]. In the linearized (Abelian) theory the action (6.6) has the form
SN=4 = −1
2
∫
d4zandud
2θ+d2θ¯+ A+α˙D++A+α˙
− ω
2
∫
d4zd4θd4θ¯du1du2
A++(z1 an, θ
+
1 , θ¯
+
1 , u1)A
++(z2 an, θ
+
2 , θ¯
+
2 , u2)
(u+1 u
+
2 )
2
+O(g) , (6.7)
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where θ+i = θ
α(ui)
+
α , θ¯
+
i = θ¯
α(ui)
+
α and zi an = z + θ¯
+
i θ
−
i + θ¯
−
i θ
+
i , with i = 1, 2. Note that
the first term involves a G-analytic superspace integral, while the second has a full N = 2
superspace integral.
In the interacting (non-Abelian) theory the action (6.7) becomes
SN=4 =
∫
d4zandud
2θ+d2θ¯+ tr
(
−1
2
A+α˙D++A+α˙ +A
++A+α˙A+α˙
)
+ ω
∫
d4zd4θd4θ¯ log det
(
1
D++
∇++
)
. (6.8)
Here the HM action has an additional cubic term, which is the standard gauge-matter
coupling. Compared to the Chern-Simons action (3.21), the only difference is the absence
of the mixed kinetic term A++∂+α˙A+α˙ . This is again due to the absence of a coordinate
like x−α˙ and the corresponding derivative ∂
+
α˙ in the N = 2 formalism. The non-polynomial
original Zupnik’s term is almost identical with the LHC action (3.22), (3.24). The only
difference is the Grassmann shift of the coordinates zi an in (6.7).
6.2 Equations of motion and component field content
The linearized field equations following from (6.7) are
δSN=4
δA+α˙
: D++A+α˙ = 0 (6.9)
δSN=4
δA++
: (D+)4A−− = 0 (6.10)
where A−− is the non-analytic connection for the harmonic derivative D−−. It is given by
the non-polynomial and non-local (in the harmonic space) expression
A−−(z, θ, θ¯, u) =
∫
du2
A++(z2 an, θ
+
2 , θ¯
+
2 , u2)
(u+u+2 )
2
+O(g) . (6.11)
The role of the supersymmetric spinor derivatives (D+)4 = (D+a )
2(D¯+a′)
2 in (6.10) is to
project A−− onto the G-analytic subspace. These equations of motion are to be compared
with the (linearized) LHC ones, (3.5) and (3.17), respectively. The main difference is that
the field equations (6.9), (6.10) are decoupled, once again due to the absence of ∂+α˙ .
The component field content of the gauge prepotential is revealed in the WZ gauge
A++ =(θ+)2φ(z) + (θ¯+)2φ¯(z) + θ¯+aθ+a
′Aaa′(z)
+ (θ¯+)2θ+aψ−a (z) + (θ
+)2θ¯+a
′
ψ¯−a′(z) + 3(θ
+)2(θ¯+)2u−au−βGαβ(z) . (6.12)
Here we see the full content of the N = 2 off-shell vector multiplet, including the triplet
of auxiliary fields Gαβ . Inserting (6.12) in the second field equation (6.10), we obtain
the free equations of motion for the component fields. In particular, the auxiliary field
satisfies the homogeneous equation Gαβ = 0 , in contrast with the inhomogeneous equation
ωG = F following from the action (3.41). This time the YM equation is obtained from
(6.10) directly in the second-order form ∂µz Fµν(z) = 0 .
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The first field equation (6.9) determines the content of the on-shell N = 2 HM:
A+α˙ = f
α
α˙ (z)u
+
α + θ
+aχaα˙(z) + θ¯
+a′χ¯a′α˙(z) + 2θ
+aθ¯+a
′
∂aa′f
α
α˙ (z)u
−
α , (6.13)
where the physical fields (the four scalars fαα˙ and the two Dirac fermions χα˙, χ¯α˙) satisfy
their free equations of motion zf
α
α˙ = ∂
a′a
z χaα˙ = 0 .
We observe that the N = 4 vector multiplet is split in two halves. The prepotential
A++ contains 2 of the 6 physical scalars, the gauge field and half of the gluinos (the triplet
of auxiliary fields G vanishes on shell). The HM A+α˙ contains the remaining 4 scalars and
the other half of the gluinos.
6.3 Realization of the hidden N > 2 supersymmetry
The two extra supersymmetries are realized in terms of the gauge and matter superfields
as follows (see [5] and also [42] for a d = 6 harmonic superspace version):
δA++ = (ǫα˙aθ+a + ǫ¯
α˙
a′ θ¯
+a′)A+α˙ , δA
+
α˙ = ω(D
+)4[(ǫaα˙θ
−
a + ǫ¯a′α˙θ¯
−a′)A−−] , (6.14)
where ǫaα˙ and ǫ¯
a′α˙ ≡ (ǫaα˙) are the relevant Grassmann parameters. The variation of A+α˙
is non-linear and non-local in the harmonic space because of the presence of A−− in it
(see (3.28)). The supersymmetry algebra closes modulo field equations and compensating
gauge transformations, as usual for on-shell supersymmetry.
Note the similarity with the realization of the hidden Q¯ supersymmetry in (4.13),
(4.14). The absence of space-time derivative terms in (6.14) is due to the fact that now
∂xA = 0.
6.4 Interpretation as eight-dimensional SYM
We have shown the remarkable similarity of the two formulations, up to a few details.
A possible interpretation is that both are obtained from a master SYM theory in eight-
dimensional Euclidean superspace enhanced with a harmonic two-sphere,16
R8x,z × S2u ,
having 8 odd coordinates (θαa, θ¯αa
′
). The full d = 8 superspace has twice as many odd co-
ordinates, the missing ones being (θ˜α˙a, ˜¯θα˙a
′
). Here the d = 8 Lorentz group SO(8) is broken
down to SO(4)×SO(4) ∼ [SU(2)]4, and one of the SU(2) factors is ‘harmonized’. On this
superspace we consider the analytic superfields A++(x, z, u; θ+, θ¯+) and A+α˙ (x, z, u; θ
+, θ¯+)
depending only on the harmonic projected odd variables θ+a = θαau+α , θ¯
+a′ = θ¯αa
′
u+α .
They are gauge fields for the harmonic derivative D++ defined in (6.4) and for the space-
time derivative u+α(∂x)αα˙, respectively. The linearized action is a hybrid of (3.21) and
(6.7):
Sd=8 =
∫
d4xd4zandud
2θ+d2θ¯+
(
A++∂+α˙x A
+
α˙ −
1
2
A+α˙D++A+α˙
)
− ω
2
∫
d4xd4zd4θd4θ¯ du1du2
A++(x, z1 an, θ
+
1 , θ¯
+
1 , u1)A
++(x, z2 an, θ
+
2 , θ¯
+
2 , u2)
(u+1 u
+
2 )
2
,
(6.15)
16We are grateful to Evgeny Ivanov for a discussion on this point.
– 36 –
where θ+i = θ
α(ui)
+
α , θ¯
+
i = θ¯
α(ui)
+
α and zi an = z + θ¯
+
i θ
−
i + θ¯
−
i θ
+
i , with i = 1, 2. The field
content of the theory is seen in the WZ gauge for A++ and after solving the analog of
the kinematical constraint (3.47) on A+α˙ , D
++A+α˙ = (∂x)
+
α˙A
++ (bosons only and Abelian
approximation)
A++ = (θ+)2φ(x, z) + (θ¯+)2φ¯(x, z)− 2θ+aθ¯+a′Aaa′(x, z) + 3(θ+)2(θ¯+)2u−αu−βGαβ(x, z)
A+α˙ = u
+αAαα˙(x, z) + (θ+)2u−α(∂x)αα˙φ+ (θ¯+)2u−α(∂x)αα˙φ¯− 2θ+aθ¯+a′u−αFaa′ αα˙
+ (θ+)2(θ¯+)2u−αu−βu−γ∂αα˙Gβγ . (6.16)
Here Aaa′ ,Aαα˙ are the two halves of the d = 8 gauge field and φ, φ¯ are the two scalars
of d = 8 SYM. The field Gαβ is a Lagrange multiplier which becomes identified on shell
with part of the d = 8 field strength, ωGαβ = Fαβ = (∂x)α˙(αAβ)α˙. Another part, Faa′ αα˙ =
(∂x)αα˙Aaa′ − (∂z)aa′Aαα˙, appears on shell as a component of A+α˙ in (6.16). The last part
Faa′ bb′ = (∂z)aa′Abb′ − (∂z)aa′Abb′ is contained in the second line in (6.15). The action
(6.15) exhibits only half of d = 8 supersymmetry, the other half is realized non-linearly.
This master d = 8 theory gives rise to two d = 4 reductions. In the first we suppress the
dependence on the bosonic space-time coordinates za
′a and combine the odd coordinates
into θαA = (θαa, θ¯αa
′
) carrying an SU(4) R-symmetry index. The gauge field Aaa′ is
unified with the two scalars φ, φ¯ to form the sextuplet of scalars φAB . Thus, we recover
the LHC formulation of N = 4 SYM from this paper. In the second case, we suppress the
dependence on xα˙α instead. The gauge field Aαα˙ becomes the four scalars of the N = 2
matter HM, while φ, φ¯ are part of the N = 2 gauge multiplet. In the second scenario
the Lorentz index α becomes the SU(2) R-symmetry index, while α˙ is identified with the
Pauli-Gu¨rsey automorphism of the HM. The gluinos are split into halves, chiral in A++
and anti-chiral in A+α˙ in the first scenario, or SU(2) × SU(2)× U(1) halves in the second.
The Chern-Simons Lagrangian looses its first term in the second scenario due to the
absence of x, thus becoming the HM Lagrangian. The space-time variable x in the first
case is supposed to be in the chiral basis, but because of the absence of the antichiral
(θ˜α˙a, ˜¯θα˙a
′
) we cannot tell the difference. In the second scenario the space-time variable z
is in the G-analytic basis (6.2), and we can see it because both θαa and θ¯αa
′
are present.
7 Conclusions
In this paper we have presented a formulation of N = 4 SYM in LHC superspace. It is
based on the use of auxiliary variables (Lorentz harmonics) which allow us to have the
chiral half of the supersymmetry manifest, together with the full R-symmetry SU(4). The
other half is realized in a rather non-trivial way on the LHC dynamical semi-superfields.
In the twin paper [1] we will use it to construct the full non-chiral stress-energy tensor
supermultiplet in terms of LHC semi-superfields. This result, together with the Feynman
rules derived in the present paper will allow us to compute the correlation functions of the
full stress-tensor multiplet at Born level.
One issue that we mentioned in the beginning of the Introduction has not been ad-
dressed in this work. It is the notoriously difficult ‘N = 4 barrier’ for an off-shell for-
mulation of SYM theory with manifest supersymmetry. In this paper we discussed two
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approaches where only half of the N = 4 supersymmetry is manifest – the chiral half in
LHC superspace or the N = 2 half in the original harmonic superspace approach of [4].
It is also possible to have three quarters of the supersymmetry off shell in the N = 3
harmonic superspace approach of [10], but N = 4 has so far resisted all attempts. Could
LHs or twistors help break this barrier? A natural idea seems to be to use LHs on both
halves of the Lorentz group SO(4) ∼ SU(2)L × SU(2)R. This approach, known also as
‘ambitwistor’, has been advocated in [43–45], but it seems that it again stops at the step
N = 3. Hopefully, the future will tell us what else we need.
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Appendices
A Lorentz harmonics and harmonic distributions
In this Appendix we give a summary of the main formulas of the harmonic analysis on
SU(2). More details can be found in [5, 30].
A.1 Harmonic coset and invariant integral
In this paper we are dealing with harmonics u±α on one half of the Euclidean Lorentz group
SO(4) ∼ SU(2) × SU(2). To give an explicit parametrization of the coset it is convenient
to use stereographic coordinates:
‖ u ‖ =
(
u+1 u
−
1
u+2 u
−
2
)
=
1√
1 + tt¯
(
eiψ −t¯e−iψ
teiψ e−iψ
)
, 0 ≤ ψ < 2π . (A.1)
The phase ψ is the coordinate on the subgroup U(1). The harmonic functions (2.6) are by
definition homogeneous in eiψ:
f (q)(t, t¯, ψ) = eiqψf (q)(t, t¯) , (A.2)
thus they are equivalent to functions on the coset SU(2)/U(1) ∼ S2 parametrized by the
complex variable t.
In the parametrization (A.1) the invariant integral on SU(2) has the form
∫
du f (q)(u) ≡ i
4π2
∫ 2pi
0
dψ
∫
dt ∧ dt¯
(1 + tt¯)2
f (q)(t, t¯, ψ) . (A.3)
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The invariant measure is obtained by multiplying the three independent Cartan forms (up
to normalization), du = (u+αdu+α )(u
−βdu−β )(u
−γdu+γ ). Obviously, if q 6= 0 the ψ integral
in (A.3) vanishes, so we derive our first integration rule:∫
du f (q)(u) = 0 if q 6= 0 . (A.4)
The second rule ∫
du 1 = 1 (A.5)
is just the normalization condition for the integral in (A.3). Finally, our third rule is∫
du u+(α1 . . . u
+
αnu
−
β1
. . . u−βn) = 0 for n ≥ 1 . (A.6)
It follows from the fact that the harmonic variables u±α transform under the fundamental
representation of SU(2), while the measure is SU(2) invariant; thus the left-hand side in
(A.6) must be an invariant, constant and totally symmetric tensor of SU(2), which does
not exist. The three rules are summarized in eq. (2.10).
An important property of the harmonic integral (A.3) is the vanishing of the integral
of a total derivative (recall (2.11)):∫
du ∂++f (−2)(u) = 0 . (A.7)
It follows from the facts that the integral projects out the singlet part of the integrand
whereas the charged function f (−2) in (A.7) does not contain an SU(2) singlet. A more
direct proof can be given using the parametrization (A.1) of the harmonic variables, the
invariant measure (A.3) and the expression for ∂++ in this parametrization
∂++ = e2iψ
[
−(1 + tt¯) ∂
∂t¯
+
it
2
∂
∂ψ
]
. (A.8)
Substituting (A.3), (A.8) and (A.2) into (A.7), one finds
∫
du ∂++f (−2)(u) =
i
4π2
∫ 2pi
0
dψ
∫
dt ∧ dt¯
(1 + tt¯)2
[
−(1 + tt¯)∂f
∂t¯
+ tf
]
=
1
2πi
∫
dt ∧ dt¯ ∂
∂t¯
(
f
1 + tt¯
)
= 0. (A.9)
The last integral vanishes since the function f(t, t¯) satisfies suitable boundary condition,
being globally defined on S2.
A.2 Harmonic distributions
The first singular harmonic distribution that we need is the delta function. It is defined
by the property ∫
dv δ(q,−q)(u, v) f (q)(v) = f (q)(u) , (A.10)
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where f (q)(u) is a test function. In the parametrization (A.1) the harmonic delta function
has the form
δ(q,−q)(u1, u2) = πe
iq(ψ1−ψ2)(1 + t1t¯1)
2δ2(t1 − t2) , (A.11)
where δ2(t) ≡ δ(t, t¯) is the delta function on the complex plane. The harmonic delta
functions can be differentiated in a natural way, e.g.,
∂++2 δ
(q,−q)(u1, u2) = −∂++1 δ(q−2,2−q)(u1, u2) . (A.12)
Another important distribution is
1
(u+1 u
+
2 )
= − 1
(u+2 u
+
1 )
, (A.13)
where
(u+1 u
+
2 ) ≡ u+α1 u+2α = ei(ψ1+ψ2)
t2 − t1√
(1 + t1t¯1)(1 + t2t¯2)
. (A.14)
Acting on it, the harmonic derivative ∂++ produces a delta function:
∂++1
1
(u+1 u
+
2 )
= ei(ψ1−ψ2)(1 + t1t¯1)
3/2(1 + t2t¯2)
1/2 ∂
∂t¯1
1
t1 − t2
= πei(ψ1−ψ2)(1 + t1t¯1)
2δ2(t1 − t2)
= δ(1,−1)(u1, u2) . (A.15)
Here we assume that the singular distribution t−1 is defined so that the relation
∂
∂t¯
1
t
= πδ2(t) (A.16)
holds. In a similar manner, one can define the distribution 1/(u+1 u
+
2 )
2 with the property
∂++1
1
(u+1 u
+
2 )
2
= ∂−−1 δ
(2,−2)(u1, u2) . (A.17)
The chargeless harmonic delta function can be written as a complex delta function
with argument z ≡ (u+1 u+2 ):
δ(0,0)(u1, u2) = πδ
2
(
(t1 − t2)(1 + t1t¯1)−2
)
= πδ2
(
(u+1 u
+
2 )
)
, (A.18)
using the fact that δ2(t) ≡ δ(t, t¯) is invariant under phase rotations of the complex argu-
ment. Note also the relation δ(q,−q)(u1, u2) = (u
+
1 u
−
2 )
qδ(0,0)(u1, u2).
A.3 Mixed harmonic/space-time distributions
In Sect. 5 we encounter the singular distribution 1/x
.
−+, i.e. the inverse of one of the light-
cone projections (5.5). The latter can be treated as pairs of complex conjugate variables,
z ≡ x
.
++ , z¯ ≡ x
.
−− and ζ ≡ x
.
−+ , ζ¯ ≡ x
.
+− . (A.19)
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Here we assume that x is a hermitian matrix while the left- and right-handed LHs u±
and ξ
.
± have the conjugation properties (2.5) and (5.3), respectively. In terms of the new
variables (A.19) the space-time derivative becomes (see (5.4))
∂αα˙ = ξ
.
+
α˙ u
+
α∂z + ξ
.
−
α˙ u
−
α∂z¯ + ξ
.
+
α˙ u
−
α∂ζ¯ + ξ
.
−
α˙ u
+
α∂ζ ,
or projecting with u+α,
∂+α˙ = ξ
.
−
α˙ ∂z¯ + ξ
.
+
α˙ ∂ζ¯ . (A.20)
From this we find
∂+α˙
1
x
.
−+
=
(
ξ
.
−
α˙ ∂z¯ + ξ
.
+
α˙ ∂ζ¯
)1
ζ
= πξ
.
+
α˙ δ
2(x
.
−+) . (A.21)
Here the delta function is to be understood in the complex sense, δ2(x
.
−+) ≡ δ(ζ, ζ¯).
In the light-cone basis the harmonic derivative ∂++ becomes
∂++ = ∂++u + x
.
−+∂z¯ + x
.
++∂ζ¯ , (A.22)
so that ∂++x
.
±− = x
.
±+. With this we find
∂++
1
x
.
−+
= x
.
++∂ζ¯
1
ζ
= πx
.
++δ2(x
.
−+) . (A.23)
Finally, the harmonic integral
∫
du δ2(x
.
++) is to be understood as follows. The support
of the complex delta function δ2(x
.
++) = δ(x
.
++, x
.
−−) is given by
x
.
++ = 0 → x
.
+α = au+α , x
.
−− = 0 → x
.
−α = bu−α .
Remembering the defining properties (2.5), we find a∗ = b and |a|2 = x2 since x
.
+αx
.
−
α =
x2ξ
.
+α˙ξ
.
−
α˙ = x
2. We can then choose a = b =
√
x2 up to an insignificant U(1) phase (the
freedom in the definition of the SU(2) harmonics). This yields the identifications
x
.
+α =
√
x2 u+α , x
.
−α =
√
x2u−α (A.24)
and x
.
−+ = −
√
x2. So, the harmonic integration produces a Jacobian factor,∫
du δ2(x
.
++) =
1
x2
∫
du δ2
(
x
.
+u+√
x2
)
=
1
πx2
∫
du δ(0,0)(v, u) =
1
πx2
, (A.25)
where we have used (A.18), treating v+ ≡ x
.
+/
√
x2 as another harmonic variable.
B Propagators in momentum space
In Section 5 we quantized the theory in the light-cone gauge (5.2) and found the set of
propagators (5.11) – (5.13) which solve the Green’s function eqsuations (5.8). A similar
calculation in momentum space yields the following set of propagators,
〈A+α˙ (p, θ+, u1)A+β˙(−p, 0, u2)〉 = 0 , (B.1)
〈A++(p, θ+, u1)A++(−p, 0, u2)〉 = 4πδ2(p
.
−+) δ(u1, u2) δ
4(θ+) , (B.2)
〈A+α˙ (p, θ+, u1)A++(−p, 0, u2)〉 = 2iξ
.
−
α˙ /p
.
−+ δ(u1, u2) δ
4(θ+) . (B.3)
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Here we show that the two sets of propagators are related by a Fourier transform. The
most non-trivial Fourier transform is that of the propagator 〈A++A+α˙ 〉, see (5.13), (B.3).
We need to show that ∫
d4x e−ip·x
1
π
1
x
.
−+
δ2(x
.
++) =
2i
p
.
−+
, (B.4)
where the harmonic light-cone projections are defined in eq. (5.5). According to eq. (5.4)
the scalar product can be decomposed as follows
2(p · x) = p
.
++x
.
−− + p
.
−−x
.
++ − p
.
+−x
.
−+ − p
.
−+x
.
+− . (B.5)
In Euclidean space we can treat the light-cone projections as pairs of complex conjugate
variables, see eq. (A.19). So the 4D measure d4x splits into a pair of 2D measures d2z ≡
dzdz¯ and d2ζ ≡ dζdζ¯ over the complex plane, i.e. d4x = d2zd2ζ. The integration d2z is
trivial due to δ2(x
.
++) = δ2(z) ≡ δ(z, z¯). The remaining integral is done with the help
of the following formula from [46] for the Fourier transform of a class of homogeneous
distributions on the complex plane,
∫
d2ζ
π
eiyζ+iy¯ζ¯
ζ1+αζ¯1+α¯
= i|α−α¯|
Γ
(
|α−α¯|−α−α¯
2
)
Γ
(
|α−α¯|+α+α¯+2
2
)yαy¯α¯ , (B.6)
where α and α¯ are arbitrary complex numbers (not complex conjugate in general) such that
α− α¯ ∈ Z. The light-cone projections of the momentum are complex conjugate variables,
p
.
+− ≡ y and p
.
−+ ≡ y¯. In the case of interest we have α = 0, α¯ = −1, so we obtain the
desired result (B.4),
∫
d2ζ
π
eiyζ+iy¯ζ¯
1
ζ
= i
1
y¯
.
Similarly, one derives the Fourier transform of 〈A++A++〉, eqs. (5.12), (B.2). This time
the integration d2ζ gives
∫
d2ζ
π
eiyζ+iy¯ζ¯ = πδ2(y) .
Let us note that the last formula can be obtained as the limit of (B.6) at α, α¯→ −1.
C Relationship with the supertwistor approach
The LHC formulation of N = 4 SYM is very similar to the formulation in terms of fields
living on supertwistor space. In this Appendix we explain the similarities as well as the
differences between the two approaches (see also [38] for an earlier version of such a com-
parison). The twistor formulation we wish to compare with is that of Refs. [22, 25] for
bosonic Yang-Mills theory and of Refs. [23, 26] for the N = 4 supersymmetric case.
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C.1 Lightning review of supertwistors
The main advantage of the (super)twistor variables is the linear realization of the (su-
per)conformal symmetry PSU(2, 2|4) on them.
Let us start with the bosonic twistor variables. One considers the complexified con-
formal symmetry group SL(4,C). The non-projective twistor space T is its fundamental
representation space. The complexification enables us to employ the embedding formal-
ism, in which complexified compactified Minkowski space is realized as a light-cone in the
complex projective space CP5 with homogenous coordinates XIJ ∼ cXIJ , I, J = 1, . . . , 4,
X ·X ≡ XIJXIJ = 0 , (C.1)
where XIJ =
1
2ǫIJKLX
KL and XIJ = −XJI . The complex coordinates xαα˙ of Minkowski
space define a particular parametrization of XIJ ,
XIJ(x) =
(
ǫαβ −ixβ˙α
ixα˙β −12x2ǫα˙β˙
)
. (C.2)
Conformal transformations acting nonlinearly on xαα˙ correspond to linear SL(4,C) trans-
formations of XIJ .
Bosonic twistor space PT is the complex projective space CP3 whose homogeneous
coordinates ZI ∼ cZI , I = 1, . . . , 4, belong to T, i.e. they transform in the fundamental
representation of SL(4,C). A space-time point XIJ(x) corresponds to a line in twistor
space given by the incidence relation
XIJZ
J = 0 . (C.3)
For a given point XIJ this relation defines a line in twistor space since eq. (C.1) is the
condition that the matrix XIJ has rank two. Choosing two arbitrary points on this line,
ZJ1 and Z
J
2 , we can reconstruct X
IJ as
XIJ = ZI1Z
J
2 − ZJ1 ZI2 = ǫabZIaZJb . (C.4)
Combining eqs. (C.2) and (C.4) we obtain that each point in complexified Minkowski space-
time xαα˙ is mapped into a line Z
I(σ) in projective twistor space defined by the equation
XIJ (x)Z
J(σ) = 0. It has the explicit solution
ZI(σ) = ZI1σ
1 + ZI2σ
2 ≡ ZIaσa (C.5)
with σa = (σ1, σ2) being homogeneous coordinates on the line, σa ∼ c σa. The σ-
coordinates are local in the sense that the twistor line is invariant under GL(2) reparametriza-
tions, σa → mabσb, m ∈ GL(2). Using the parametrization (C.2) we can rewrite the relation
between a point in Minkowski space and a line in twistor space as
ZI = (πα, ix
α˙βπβ) (C.6)
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with πα replacing the homogeneous coordinates σ
a on the line in twistor space. So, the
line in twistor space is a CP1 fiber. The square of the distance between two points xi and
xj in Minkowski space is proportional to
1
2
Xi ·Xj = 1
4
ǫIJKLX
IJ
i X
KL
j =
1
4
ǫIJKLǫ
abZIi,aZ
J
i,bǫ
cdZKj,cZ
L
j,d ≡ 〈Zi,1Zi,2Zj,1Zj,2〉 ,
where Zi,a and Zj,a, a = 1, 2, are two pairs of points belonging to two lines with moduli Xi
and Xj , respectively. If two lines intersect, we can choose Z
I
i,2 = Z
I
j,1 leading to x
2
ij = 0.
In order to establish a precise relation between the distance in Minkowski space and the
determinant of four twistors we choose the parametrization (C.6) of the twistor lines
〈πi,1πi,2〉〈πj,1πj,2〉x2ij = 〈Zi,1Zi,2Zj,1Zj,2〉 . (C.7)
To deal with N = 4 chiral supersymmetry, we extend the projective twistor space to
include four Grassmann coordinates
Z = (ZI , χA) (C.8)
(with I,A = 1, . . . , 4), subject to the equivalence relation Z ∼ cZ. The odd twistor
coordinates χA satisfy an incidence relation. In the parametrization (C.2) it has the form
χA = θAβπβ. So, the relation between a point in chiral Minkowski (super)space-time
(xα˙α, θAα) and a line in projective twistor superspace is
Z = (πα, ixα˙βπβ, θAβπβ) . (C.9)
The N = 4 superconformal transformations correspond to linear SL(4|4,C) transforma-
tions of the supertwistors Z.
Along with the holomorphic coordinates one considers their Euclidean complex con-
jugates, πˆα = (−(π2)∗, (π1)∗) and ˆˆπα = −πα. The (complex) Minkowski coordinates xαα˙
are real with respect to this conjugation (involution). Instead of working directly with
derivatives, in the twistor formalism one introduces the exterior derivative ∂¯ and the basis
of (0, 1)-differential forms e¯0, e¯α˙,
e¯0 =
πˆαdπˆα
(π · πˆ)2 , e¯
α˙ =
πˆαdx
α˙α
(π · πˆ) . (C.10)
In this basis the exterior derivative is decomposed as ∂¯ = e¯0∂¯0 + e¯
α˙∂¯α˙ where the basis of
vector fields ∂¯0, ∂¯α˙ on twistor space is dual to the basis of (0, 1)-forms,
∂¯0 = (π · πˆ)πα∂/∂πˆα , ∂¯α˙ = πα∂/∂xα˙α . (C.11)
The natural volume form on a twistor line (or a CP1 fiber) is Dπ = παdπα, and the volume
form on the projective twistor space PT is D3Z = 14!ǫIJKLZIdZJdZKdZL. The latter is an
exterior product of (1, 0)-forms D3Z = (π · πˆ)4e0∧eα˙∧eα˙ which are the Euclidean complex
conjugates of the (0, 1)-forms (C.10). The volume form has an obvious extension to the
supertwistor space D3|4Z = D3Zd4χ.
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C.2 Dictionary twistors-harmonics
Now it is easy so see that twistor superspace is very similar to Lorentz harmonic chiral
superspace, Table 1. The harmonics u+α are replaced by the holomorphic spinor coordi-
nates πα on CP
1 fibers. The harmonic derivative ∂++ corresponds to the twistor derivative
∂¯0. The local U(1) charge of the harmonic functions corresponds to the degree of homo-
geneity of the functions on the (super)twistor space (called ‘holomorphic weight’). The
L-analyticity implies that the corresponding twistor form depends on the holomorphic pro-
jection χA = παθ
αA of the Grassmann variable θ but is independent of πˆαθ
αA. So, π and
πˆ are the analogs of the harmonics u+ and u−, respectively. Ordinary space-time fields are
extracted from the differential forms by an integral Penrose transform. It corresponds to
picking out the first term in the harmonic expansion (2.6). So, in the LHC approach the
notion of Penrose transform is replaced by the simpler notion of Fourier expansion on the
LH two-sphere. The harmonic measure du ∼ (u+αdu+α )(u−βdu−β ) carries zero U(1) charge,
while in the twistor approach one also introduces the projective measure Dπ = 〈πdπ〉 (the
equivalent of u+αdu+α ) with holomorphic weight 2.
The main conceptual difference between the two approaches is in the prominent role
played by the harmonic derivative ∂−− in the LHC approach. Together with ∂++ and the
U(1) charge generator ∂0 they form the algebra of SU(2)L realized on the charges ± of the
harmonics (see (2.8)). These notions are absent in the holomorphic twistor description,
which makes the construction of gauge connections and curvatures less transparent (see
the comment at the end of Sect. C.3).
C.3 N = 4 SYM on twistor superspace
The fields of N = 4 SYM theory are described on projective twistor space PT by a super-
field A which is a (0, 1)-form with values in the Lie algebra of the gauge group SU(Nc).
Expanding A in the fermionic coordinates χA one obtains
A(Z, Z¯, χ) = a(Z, Z¯) + χAγ˜A(Z, Z¯) + 1
2
χAχBφAB(Z, Z¯)
+
1
3!
ǫABCDχ
AχBχCγD(Z, Z¯) +
1
4!
ǫABCDχ
AχBχCχDb(Z, Z¯) . (C.12)
The coefficients accompanying χn are (0, 1)-differential forms on twistor space, homoge-
neous of degree n that are related to the various component fields of N = 4 SYM in the
space-time gauge: b and a give rise to the self-dual and anti self-dual part of the YM cur-
vature, γ˜A and γ
D are mapped into the (anti)-gluino fields and φAB are the scalar fields.
The twistor action of N = 4 SYM takes the form
S[A] =
∫
CP
3|4
D3|4Z ∧ tr
(
1
2
A ∂¯A+ 1
3
A3
)
+
∫
d4x d8θ Lint(x, θ) . (C.13)
In the first term in eq. (C.13) the (0, 3)-form constructed out of the twistor field A and the
exterior derivative ∂¯ is integrated against the (3, 0)-volume form D3|4Z over the projective
twistor space. It is the holomorphic Chern-Simons action, which describes the self-dual
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Lorentz harmonic chiral superspace Twistor superspace
u+α πα
u−α πˆα
u+αu−α = 1 π
απˆα 6= 0
harmonic variables CP1 fibers
θ+A = u+α θ
αA χA = θAβπβ
space-times coordinate xαα˙ moduli X
IJ of a line in twistor space
LHC superspace complex projective space CP3|4
LHC superspace coordinates u±α , xαα˙, θ
+A supertwistor Z = (πα, ixα˙βπβ, χA)
L-analytic superfields A(x, θ+, u) twistor fields f(Z)
harmonic expansion Penrose transform
U(1) charge holomorphic weight
harmonic derivative ∂++ (0, 1)-vector on CP1 fiber ∂¯0
space-time derivative ∂+α˙ (0, 1)-vector on twistor space ∂¯α˙
harm. measure du ∼ (u+αdu+α )(u−βdu−β ) volume form of CP1 fiber Dπ = 〈πdπ〉
LHC superspace measure d4xdud4θ+ D3|4Z = 14!ǫIJKLZIdZJdZKdZLd4χ
SU(2)L algebra of harmonic derivatives ???
harmonic derivative ∂−− ???
Table 1. Comparison of LHC superspace with twistor superspace
Lorentz harmonics chiral superspace Twistor superspace
L-analytic gauge connections A++, A+α˙ twistor superfield A = e¯0A0 + e¯α˙Aα˙
Chern-Simons term LCS(x, u, θ
+) Chern-Simons term LCS(Z)
Zupnik’s action LZ(x, θ) Lint(x, θ)
Wess-Zumino gauge space-time gauge
chiral gauge connection A−−(x, u, θ) ???
chiral supercurvature WAB(x, u, θ) ???
Table 2. Comparison of the LHC and twistor superspace formulations of N = 4 SYM
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part of the N = 4 action. The second term on the right-hand side of eq. (C.13) is the non
self-dual part of the action, which describes the interactions
Lint(x, θ) = g
2
[
ln det(∂¯0 +A0)− ln det ∂¯0
]
. (C.14)
It involves the logarithm of the chiral determinant of the Cauchy-Riemann operator ∂¯+A
restricted to the line in twistor space (CP1 fiber) with moduli (x, θ), and then integrated
over the moduli space of the lines. This separation of the action S[A] into a sum of two
terms corresponds to the expansion of the N = 4 theory around the self-dual sector.
The logarithm of the determinant in eq. (C.14) can be written in a more explicit form
as an expansion in powers of the superfields
Lint(x, θ) = g
2
∑
n≥2
(−1)n
n
tr
[
∂¯−10 A0 . . . ∂¯−10 A0
]
= g2
∑
n≥2
(−1)n
n
∫
(CP1)n
tr [A(Z(σ1)) ∧Dσ1 . . .A(Z(σn)) ∧Dσn]
〈σ1σ2〉 . . . 〈σnσ1〉 . (C.15)
It involves copies Z(σi) of the same twistor line with moduli (x, θ). They are parametrized
by the local coordinates σai , eq. (C.5), and the projective measures Dσi = 〈σidσi〉. The
(0, 1)-forms are restricted to CP1 fibers, so only the A0 component of the (0, 1)-form A
contributes. An analogous expression exists in terms of the local coordinates πi α, eq. (C.9).
The (0, 1)-differential form A is equivalent to the pair of L-analytic gauge connections
A++ and A+α˙ in the LHC formulation, Table 2. The two terms in the twistor action, eq.
(C.13), correspond to the splitting of the action in the LHC superspace formulation, eq.
(3.25). The nonpolynomial Lagrangian Lint, eq. (C.15), is the twistor analog of the Zupnik
Lagrangian LZ, eq. (3.23).
The main conceptual difference between the twistor and harmonic approaches is the
absence of a twistor analog of the LH gauge connection A−− for the harmonic derivative
∂−− and of the associated SU(2)L algebraic structure, eq. (2.8). The notion of A
−−
is crucial for the construction of the remaining gauge connections, supercurvatures, eq.
(3.12), and composite operators.
The harmonic derivative ∂−− and the associated analytic gauge frame and gauge con-
nection A−−, eq. (3.28), in the LHC formulation makes the supercurvature geometry very
transparent. The remaining gauge connections and curvatures are constructed simply by
commuting covariant derivatives. In the twistor approach one replaces these notions by
an indirect construction in terms of a gauge bridge H(x, θ, u) (‘holomorphic frame’ in the
twistor language). It is defined by the equation H−1(∂++ + A++)H = 0 and thus trivial-
izes the gauge connection for ∂++. Rotating every superfield by H, ΦΛ = HΦτH−1, one
can switch between the real (with LH-independent parameter τ(x, θ)) and analytic (with
θ−-independent parameter Λ(x, θ+, u)) gauge frames. The drawback of this approach is
that the bridge H cannot be expressed unambiguously in terms of the prepotential A++.
In contrast, in the LHC approach every geometric object (gauge connection or curvature)
is given directly and manifestly in terms of the prepotentials. Thus, one can only com-
pare expressions for gauge invariant objects in the two approaches, like the Lagrangian or
composite operators.
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Another important difference is the lack of a discussion of the Q¯ supersymmetry trans-
formations in the twistor literature. In Sect. 4 we have shown that the gauge connection
A−− plays a crucial role in theses transformations. Once again, the absence of the notion
of A−− in the twistor approach may explain the difficulties in realizing Q¯ supersymmetry.
C.4 Gauge fixing
Next, we compare the gauge-fixing conditions. Just before (3.28) in Ref. [23] we read
ηA∂¯AyA = 0 where ηA is an arbitrary but fixed commuting chiral spinor (not to be confused
with the antichiral πA′). We translate this condition as (5.1). The spinor ξ
α˙ has no U(1)
charge and hence we cannot mix ξα˙A+α˙ with A
++, unless we put in front of it a negative-
charged parameter µ− = µαu−α . We can thus consider the following generalized gauge:
ξα˙A+α˙ + µ
αu−αA
++ = 0 . (C.16)
The pair Z∗ = (ξ
α˙, µα) forms a four-component twistor. The gauge (3.9) in Ref. [26]
makes use of such a ‘reference twistor’, but one should be allowed to set µα = 0 (see
the special choice Z∗ = (iA, 0, 0) just above eq. (3.9) in Ref. [26]). Indeed, we can write
µα = ξα˙x
α˙α
∗ and then we should be able to set x∗ = 0 by a translation in Minkowski
space. However, it is hard for us to find an analog of the fermionic part of the so-called
‘reference supertwistor’ of the axial gauge given in Ref. [26]. Its role is to maintain the
appearance of superconformal symmetry in the gauge, but we know that the very presence
of the fixed reference supertwistor Z∗ breaks all symmetries. They are only restored once
the gauge-fixing parameter has been eliminated from the sum of all Feynman graphs. This
is not so simple, as discussed in [11] and [1].
Finally, we find it not very easy to understand page 14 in Ref. [26] with the derivation
of the propagators in the presence of Z∗. It starts by writing the propagator equation for
the truncated (gauge-fixed) CS action. This equation has just a delta function as its right-
hand side, while we would expect that the gauge fixing yields additional contact terms
(compare, e.g., with the propagator equation in the usual axial gauge). Then the authors
give the solution (3.11). It is not immediately obvious, but nevertheless possible to extract
our propagators 〈A++A++〉 and 〈A+α˙A++〉 from it.17 Last but not least, the equation after
(3.11) states that this propagator satisfies not quite the required equation, but produces
“essentially vanishing error terms”. It appears in fact that the Green’s function equation at
the top of page 14 is not correct, but the solution (3.11) is. The authors of Ref. [26] remark
that choosing Z∗ = (ξ, 0, 0) would lead to ‘error terms’ of the type δ(πα)δ(µα˙ + ξα˙) = 0
since πα 6= 0 by definition. This confirms once more that the most natural gauge-fixing
parameter is ξα˙ and not the full reference supertwistor Z∗.
17We thank Lionel Mason for the explanation.
– 48 –
References
[1] D. Chicherin and E. Sokatchev, “N=4 super-Yang-Mills in LHC superspace. Part II:
Non-chiral correlation functions of the stress-tensor multiplet,” arXiv:1601.06804 [hep-th].
[2] W. Siegel and M. Rocek, “On Off-shell Supermultiplets,” Phys. Lett. B 105 (1981) 275.
[3] K. S. Stelle, “Manifest Realizations Of Extended Supersymmetry,” Calif. Univ. Santa
Barbara - NSF-ITP-85-001 (85,REC.FEB.) 5p
[4] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky and E. Sokatchev, “Unconstrained N=2
Matter, Yang-Mills and Supergravity Theories in Harmonic Superspace,” Class. Quant.
Grav. 1 (1984) 469 [Class. Quant. Grav. 2 (1985) 127].
[5] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. S. Sokatchev, “Harmonic superspace,”
Cambridge, UK: Univ. Pr. (2001) 306 p
[6] A. A. Roslyi, “Superyang-mills Constraints As Integrability Conditions,” IN
*ZVENIGOROD 1982, PROCEEDINGS, GROUP THEORETICAL METHODS IN
PHYSICS, VOL. 3* 587-593.
[7] A. A. Rosly, “Gauge Fields in Superspace and Twistors,” Class. Quant. Grav. 2 (1985) 693.
[8] A. Karlhede, U. Lindstrom and M. Rocek, “Selfinteracting Tensor Multiplets in N = 2
Superspace,” Phys. Lett. B 147 (1984) 297.
[9] A. A. Roslyi and A. S. Schwarz, “Supersymmetry In A Space With Auxiliary Dimensions,”
Commun. Math. Phys. 105 (1986) 645.
[10] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky and E. Sokatchev, “Unconstrained
Off-Shell N=3 Supersymmetric Yang-Mills Theory,” Class. Quant. Grav. 2 (1985) 155.
[11] D. Chicherin, R. Doobary, B. Eden, P. Heslop, G. P. Korchemsky, L. Mason and
E. Sokatchev, “Correlation functions of the chiral stress-tensor multiplet in N = 4 SYM,”
JHEP 1506 (2015) 198 [arXiv:1412.8718 [hep-th]].
[12] B. M. Zupnik, “The Action of the Supersymmetric N = 2 Gauge Theory in Harmonic
Superspace,” Phys. Lett. B 183 (1987) 175.
[13] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. Sokatchev, “Gauge Field Geometry
From Complex and Harmonic Analyticities. Kahler and Selfdual Yang-Mills Cases,” Annals
Phys. 185 (1988) 1.
[14] R. S. Ward, “On Selfdual gauge fields,” Phys. Lett. A 61 (1977) 81.
[15] C. Devchand and V. Ogievetsky, “Superselfduality as analyticity in harmonic superspace,”
Phys. Lett. B 297 (1992) 93 [hep-th/9209120].
[16] C. Devchand and V. Ogievetsky, “The Matreoshka of supersymmetric selfdual theories,”
Nucl. Phys. B 414 (1994) 763 [hep-th/9306163].
[17] C. Devchand and V. Ogievetsky, “Selfdual supergravities,” Nucl. Phys. B 444 (1995) 381
[hep-th/9501061].
[18] M. Evans, F. Gursey and V. Ogievetsky, “From 2-D conformal to 4-D selfdual theories:
Quaternionic analyticity,” Phys. Rev. D 47 (1993) 3496 [hep-th/9207089].
[19] W. Siegel, “N=2, N=4 string theory is selfdual N=4 Yang-Mills theory,” Phys. Rev. D 46
(1992) 3235 [hep-th/9205075].
– 49 –
[20] E. Sokatchev, “An Action for N=4 supersymmetric selfdual Yang-Mills theory,” Phys. Rev.
D 53 (1996) 2062 [hep-th/9509099].
[21] E. Witten, “Perturbative gauge theory as a string theory in twistor space,” Commun. Math.
Phys. 252 (2004) 189 [hep-th/0312171].
[22] L. J. Mason, “Twistor actions for non-self-dual fields: A Derivation of twistor-string theory,”
JHEP 0510 (2005) 009 [hep-th/0507269].
[23] R. Boels, L. J. Mason and D. Skinner, “Supersymmetric Gauge Theories in Twistor Space,”
JHEP 0702 (2007) 014 [hep-th/0604040].
[24] R. Boels, “A Quantization of twistor Yang-Mills theory through the background field
method,” Phys. Rev. D 76 (2007) 105027 [hep-th/0703080].
[25] R. Boels, L. J. Mason and D. Skinner, “From twistor actions to MHV diagrams,” Phys. Lett.
B 648 (2007) 90 [hep-th/0702035].
[26] T. Adamo and L. Mason, “MHV diagrams in twistor space and the twistor action,” Phys.
Rev. D 86 (2012) 065019 [arXiv:1103.1352 [hep-th]].
[27] F. Cachazo, P. Svrcek and E. Witten, “MHV vertices and tree amplitudes in gauge theory,”
JHEP 0409 (2004) 006 [hep-th/0403047].
[28] M. F. Sohnius, “Bianchi Identities for Supersymmetric Gauge Theories,” Nucl. Phys. B 136
(1978) 461.
[29] T. Kugo and P. K. Townsend, “Supersymmetry and the Division Algebras,” Nucl. Phys. B
221 (1983) 357.
[30] A. Galperin, E. A. Ivanov, V. Ogievetsky and E. Sokatchev, “Harmonic Supergraphs. Green
Functions,” Class. Quant. Grav. 2 (1985) 601.
[31] E. Witten, “Nonabelian Bosonization in Two-Dimensions,” Commun. Math. Phys. 92 (1984)
455.
[32] Y. Abe, V. P. Nair and M. I. Park, “Multigluon amplitudes, N =4 constraints and the WZW
model,” Phys. Rev. D 71 (2005) 025002 [hep-th/0408191].
[33] W. Siegel, “Selfdual N=8 supergravity as closed N=2 (N=4) strings,” Phys. Rev. D 47
(1993) 2504 [hep-th/9207043].
[34] S. V. Ketov, H. Nishino and S. J. Gates, Jr., “Selfdual supersymmetry and supergravity in
Atiyah-Ward space-time,” Nucl. Phys. B 393 (1993) 149 [hep-th/9207042].
[35] G. Chalmers and W. Siegel, “The Selfdual sector of QCD amplitudes,” Phys. Rev. D 54
(1996) 7628 [hep-th/9606061].
[36] G. Chalmers and W. Siegel, “Dual formulations of Yang-Mills theory,” hep-th/9712191.
[37] A. Ashtekar, “New Variables for Classical and Quantum Gravity,” Phys. Rev. Lett. 57
(1986) 2244.
[38] C. Lovelace, “Twistors versus harmonics,” arXiv:1006.4289 [hep-th].
[39] M. Bullimore and D. Skinner, “Descent Equations for Superamplitudes,” arXiv:1112.1056
[hep-th].
[40] G. Leibbrandt, “Introduction to Noncovariant Gauges,” Rev. Mod. Phys. 59 (1987) 1067.
[41] W. Jiang, “Aspects of Yang-Mills Theory in Twistor Space,” arXiv:0809.0328 [hep-th].
– 50 –
[42] G. Bossard, E. Ivanov and A. Smilga, “Ultraviolet behavior of 6D supersymmetric Yang-Mills
theories and harmonic superspace,” JHEP 1512 (2015) 085 [arXiv:1509.08027 [hep-th]].
[43] E. Witten, “An Interpretation of Classical Yang-Mills Theory,” Phys. Lett. B 77 (1978) 394.
[44] C. Devchand and V. Ogievetsky, “Integrability of N=3 superYang-Mills equations,” In
*Dobrushin, R.L. (ed.) et al.: Topics in statistical and theoretical physics* 51-58
[hep-th/9310071].
[45] L. J. Mason and D. Skinner, “An Ambitwistor Yang-Mills Lagrangian,” Phys. Lett. B 636
(2006) 60 [hep-th/0510262].
[46] I. M. Gelfand and G. E. Shilov, “Generalized Functions ”, vol 1, New York: Academic (1964)
423 p.
– 51 –
